
M
o
n
eta
ry
E
co
n
o
m
ics:

M
acro

A
sp
ects,

9/
2
2
0
04

H
en
rik
J
en
sen

P
lan

for
tod

ay:

1
.
M
on
ey
in
th
e
u
tility

fu
n
ctio

n
(sta

rt)

a
.
S
h
o
rt
on
th
e
T
o
b
in
eff
ect

m
en
tio
n
ed
in
C
h
a
p
ter
2
’s

in
tro
d
u
ctio

n

b
.
T
h
e
b
a
sic
m
on
ey
in
th
e
u
tility

fu
n
ctio

n
m
o
d
el

c.
O
p
tim
a
l
b
eh
av
ior
a
n
d
stea

d
y
-sta

te
eq
u
ilib
riu
m
p
ro
p
erties:

L
o
n
g
-ru
n
su
p
ern
eu
tra
lity

o
f
m
o
n
ey

L
itera

tu
re:
W
a
lsh
(2
0
03
,
C
h
a
p
ter
2
,
p
p
.
43
-5
9
)

c°
2
0
0
4
H
en
rik

J
en
sen
.
T
h
is
d
o
cu
m
en
t
m
ay
b
e
rep
ro
d
u
ced

fo
r
ed
u
ca
tio
n
a
l
a
n
d
resea

rch
p
u
rp
o
ses,

a
s
lo
n
g
a
s

th
e
co
p
ies
co
n
ta
in
th
is
n
o
tice

a
n
d
a
re
reta

in
ed
fo
r
p
erso

n
a
l
u
se
o
r
d
istrib

u
ted

free.

In
tro
d
u
ctory

rem
a
rk
s

•
T
h
e
sta
n
d
ard

m
o
d
el
fo
r
(ex
o
g
en
o
u
s)
eco
n
om
ic
grow

th
is
th
e
sim
-

p
le
S
o
low

m
o
d
el
fea
tu
rin
g
a
fi
x
ed
sav
in
g
s
ra
te
a
n
d
a
law

o
f
m
o
tion

fo
r
p
h
y
sical

ca
p
ita
l
a
ccu
m
u
la
tio
n

•
W
h
en
ex
ten
d
ed
w
ith

o
p
tim
izin
g
sav
in
gs
b
eh
av
io
r,
w
e
get

th
e

R
a
m
sey

m
o
d
el:
T
h
e
fo
u
n
d
a
tio
n
fo
r
th
e
R
ea
l
B
u
sin
ess
C
y
cle
re-

sea
rch

p
ro
gra
m

•
M
o
d
els
h
ave

n
o
ro
le
fo
r
m
o
n
ey
an
d
m
on
eta
ry
p
o
licy

•
P
u
rp
ose

of
m
o
d
els/

a
n
a
ly
ses
in
co
m
in
g
lectu

res
is
to
in
tro
d
u
ce
a

ro
le
fo
r
m
o
n
ey
in
th
ese

ty
p
e
o
f
m
o
d
els

•
M
on
ey
is
in
tro
d
u
ced

in
va
rio
u
s
w
ay
s:
O
ften

sh
o
rt-cu

ts

—
S
h
o
rt-cu

ts
are

h
elp
fu
l
fo
r
u
n
d
ersta

n
d
in
g
sim
p
le
fea
tu
res,

a
n
d

th
e
m
o
re
ro
b
u
st
resu

lts
a
re
to
p
a
rticu

la
r
sh
o
rt
cu
t,
of
co
u
rse,

th
e
b
etter

•
T
h
e
so
-ca
lled

T
o
b
in
m
o
d
el
ex
ten
d
s
th
e
S
olow

m
o
d
el
b
y
po
stu
la
t-

in
g
a
d
em
an
d
fo
r
m
o
n
ey
(th
e
sh
o
rt
cu
t)

—
H
ig
h
lig
h
ts
th
e
im
p
licatio

n
s
o
f
in
fl
a
tio
n
fo
r
th
e
ch
o
ice
b
etw
een

in
v
estm

en
t
in
p
h
y
sical

a
n
d
fi
n
a
n
cia
l
a
ssets

•
T
h
e
M
o
n
ey
-in
-th
e-U
tility

fu
n
ctio

n
m
o
d
el
ex
ten
d
s
th
e
R
am
sey

m
o
d
el
b
y
po
stu
la
tin
g
th
a
t
m
o
n
ey
gives

u
tility

(th
e
sh
o
rt
cu
t)

—
H
ig
h
lig
h
ts
th
e
im
p
o
rtan

ce
o
f
m
icrofo

u
n
d
a
tio
n
s
an
d
o
p
tim
iz-

in
g
p
rivate-sector

b
eh
av
ior
(a
b
sen
t
in
th
e
T
o
b
in
m
o
d
el)
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T
h
e
T
o
b
in
E
ff
ect

•
L
ike
S
olow

m
o
d
el,
o
u
tp
u
t
is
p
ro
d
u
ced

b
y
a
C
R
S
p
ro
d
u
ction

fu
n
c-

tion
:

Y
t
=
F
(K

t−
1 ,N

t )
,

w
h
ich
in
“
in
ten
siv
e”
fo
rm
is:

y
t
=
f
(k

t−
1 )
,

y
t ≡

Y
t /N

t ,
k
t−
1 ≡

K
t−
1 /N

t−
1

(p
o
p
u
latio

n
g
row
s
a
t
a
con
stan

t
rate

N
t /N

t−
1
=
1
+
n
)

•
H
o
u
seh
o
ld
s
in
v
est

in
ca
p
ita
l
or
m
o
n
ey,

M
t
(of

w
h
ich

on
e
u
n
it

b
u
y
s
1/P

t
go
o
d
s).
R
ea
l
p
er
cap
ita
w
ealth

:

a
t ≡

k
t
+
m

t ,
m

t ≡
(M

t /P
t )
/N

t

•
G
overn

m
en
t
m
ak
es
real

lu
m
p
-su
m
tran

sfers
(or

w
ith
d
raw
a
ls)
to

h
o
u
seh
o
ld
s
in
th
e
form

o
f
m
o
n
ey
su
p
p
ly
ch
a
n
g
es:

τ
t
=

∆
M

t

P
t N

t

•
E
con
om
y
-w
id
e
h
o
u
seh
o
ld
b
u
d
g
et
con
stra

in
t
is
(n
o
d
ep
recia

tion

o
f
cap
ital)

Y
t
+
τ
t N

t +
M

t−
1

P
t
=
C
t
+
∆
K

t +
M

t

P
t

o
r

Y
t +

τ
t N

t
+

M
t−
1

(1
+
π
t )
P
t−
1
=
C
t +

∆
K

t
+
M

t

P
t

N
o
te
h
ow

in
fl
atio

n
π
t ≡

(P
t /P

t−
1 )−

1
erod

es
in
itia
l
reso

u
rces

ava
ilab

le
for
co
n
su
m
p
tion

,
in
vestm

en
t
in
ca
p
ital

an
d
fu
tu
re
rea
l

m
o
n
ey
h
old
in
gs

3

•
R
ew
rite

b
u
d
g
et
co
n
stra

in
t
so
it
d
ep
icts

reso
u
rces

ava
ilab

le
fo
r

con
su
m
p
tio
n
,
fo
r
in
v
estm

en
t
in
cap
ital

a
n
d
accu

m
u
la
tion

o
f
rea
l

m
o
n
ey
h
old
in
gs
(su
b
tra
ct

M
t−
1 /P

t−
1
fro
m
b
oth

sid
es):

Y
t
+
τ
t N

t +
M

t−
1

(1
+
π
t )
P
t−
1 −

M
t−
1

P
t−
1
=

C
t +

∆
K

t
+
∆
M

t

P
t

Y
t
+
τ
t N

t −
π
t M

t−
1

(1
+
π
t )
P
t−
1
=

C
t +

∆
K

t
+
∆
M

t

P
t

N
o
te
th
a
t
in
fl
a
tio
n
erod

es
ava
ilab

le
resou

rces

•
A
s
in
S
o
low

m
o
d
el,
0
<
s
<
1
is
sav
ed
,
1−

s
is
co
n
su
m
ed
.
=⇒

∆
K

t +
∆
M

t

P
t
=
s µ

Y
t
+
τ
t N

t −
π
t M

t−
1

(1
+
π
t )
P
t−
1 ¶

•
In
p
er
ca
p
ita
term

s:

∆
k
t +

∆ µ
M

t

P
t ¶

1N
t
=
s µ

y
t
+
τ
t −

π
t

(1
+
π
t )
(1
+
n
) m

t−
1 ¶−

n

1
+
n
k
t−
1

•
E
x
p
ressed

ex
clu
siv
ely
a
s
a
p
h
y
sica

l
cap
ita
l
a
ccu
m
u
latio

n
ex
p
res-

sio
n
:∆
k
t
=

s µ
y
t
+
τ
t −

π
t

(1
+
π
t )
(1
+
n
) m

t−
1 ¶
−

n

1
+
n
k
t−
1

−
θ
t −

π
t

(1
+
π
t )
(1
+
n
) m

t−
1

—
P
er
ca
p
ita
p
h
y
sica

l
cap
ital

ch
a
n
g
es
w
ith
to
ta
l
sav
in
g
s,
n
et
o
f

“
d
ep
recia

tio
n
”
d
u
e
to
p
op
u
la
tio
n
g
row
th
,
a
n
d
n
et
o
f
ch
a
n
ges

in
rea
l
p
er
cap
ital

m
on
ey

—
θ
t ≡

∆
M

t /M
t−
1
is
th
e
grow

th
ra
te
o
f
th
e
n
o
m
in
a
l
m
o
n
ey

su
p
p
ly
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•
U
se
th
e
d
efi
n
itio
n
o
f
tra
n
sfers

τ
t
=

∆
M

t

P
t N

t
=

θ
t

(1
+
π
t )
(1
+
n
) m

t−
1 ,

a
n
d
w
e
g
et

∆
k
t
=
sf
(k

t−
1 )−

(1−
s)

θ
t −

π
t

(1
+
π
t )
(1
+
n
) m

t−
1 −

n

1
+
n
k
t−
1

•
In
creases

in
real

m
on
ey
p
er
cap
ita

∆ µ
M

t

P
t ¶

/N
t
=

θ
t −

π
t

(1
+
π
t )
(1
+
n
) m

t−
1

h
av
e
tw
o
eff
ects:

a
)
It
crow

d
s
o
u
t
∆
k
t
co
m
p
letely

fo
r
given

to
ta
l
sav
in
g
s

b
)
It
in
crea

ses
sav
in
gs
b
y
a
fra
ction

s
<
1

•
T
h
e
n
et
eff
ect

is
n
ega
tive

:
In
creases

in
rea
l
m
o
n
ey
p
er
ca
p
ita

d
iv
ert
reso

u
rces

aw
ay
from

p
h
y
sica

l
cap
ital

accu
m
u
la
tion

•
S
tead

y
state

(∆
m

t
=

∆
k
t
=
0)

—
∆
m

t
=
0
im
p
lies

∆
m

t /m
t−
1
=
0
a
n
d
th
erefo

re

(1
+
θ)
=
(1
+
π
)
(1
+
n
)

π
≈

θ−
n

—
∆
k
t
=
0
im
p
lies

sf
(k

ss)
=
(1−

s)
θ−

π

(1
+
π
)
(1
+
n
) m

ss
+

n

1
+
n
k
ss

sf
(k

ss)
=
(1−

s)
1
+
θ−

(1
+
π
)

(1
+
θ)

m
ss
+

n

1
+
n
k
ss

sf
(k

ss)
=
(1−

s)
n

(1
+
n
) m

ss
+

n

1
+
n
k
ss,

5

co
n
d
en
sed

a
s

sf
(k

ss)
=
[(1−

s)
φ
ss
+
1]n

k
ss

φ
ss
≡

m
ss

k
ss
,

n≡
n

1
+
n

•
N
o
te
th
a
t
φ
ss
w
ill
a
ff
ect
th
e
stea

d
y
-sta

te
va
lu
e
o
f
p
h
y
sica

l
ca
p
ita
l

a
n
d
th
u
s
p
er-ca

p
ita
o
u
tp
u
t

•
In
a
stan

d
a
rd
S
olow

d
ia
g
ra
m
,
φ
ss
is
a
n
a
d
d
itio
n
a
l
p
a
rt
in
in
v
est-

m
en
t
n
eed
ed
to
m
a
in
tain

a
co
n
sta
n
t
valu

e
o
f
cap
ital

p
er
la
b
o
r

•
H
en
ce,
h
igh
er

φ
ss
d
ecrea

ses
k
ss.

•
B
u
t
w
h
a
t
d
eterm

in
es
th
e
stea

d
y
-sta

te
rea
l
m
o
n
ey
to
p
h
y
sica

l

cap
ita
l-ra
tio?

—
A
ssu
m
p
tion

:
C
a
p
ita
l
a
n
d
m
o
n
ey
’s
relativ

e
real

y
ield
s

∗
P
h
y
sical

ca
p
ita
l
y
ield
s
f
k
(k
)
(th
e
rea
l
in
terest

ra
te,

r
)

∗
R
ea
l
m
on
ey
“
y
ield
s”−

π
/
(1
+
π
)
(a
s
seen

b
efo
re;
in
fl
a
tion

ero
d
es
th
e
va
lu
e)

—
I.e.,

φ
≡

φ
(r,π

)
=

φ
(f

k
(k
)
,π
);
b
o
th
p
artial

d
eriva

tives

n
ega
tiv
e
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•
S
tea
d
y
-sta

te
relatio

n
sh
ip
th
en
b
ecom

es

sf
(k

ss)
=
[(1−

s)
φ
(f

k
(k

ss)
,π

ss)
+
1]n

k
ss

•
T
o
tal
d
iff
eren

tiatio
n
y
ield
s

dk
ss
=

(1−
s)
φ
π n
k
ss

sf
k −

n
[1
+
(1−

s)
φ
+
(1−

s)
φ
r f

k
k ] dπ

•
O
n
e
ca
n
sh
ow

d
k
ss

dπ
>
0

•
T
h
e
(M
u
n
d
ell-)

T
o
b
in
E
ff
ect:

H
ig
h
er
in
fl
a
tio
n
d
ecrea

ses
m

ss/k
ss

im
p
ly
in
g
a
su
b
stitu

tio
n
aw
ay
fro
m
real

m
on
ey
tow
a
rd
s
p
h
y
sica

l

cap
ita
l

•
R
esu
lt:
H
ig
h
er
m
o
n
ey
grow

th
an
d
in
fl
a
tio
n
ca
u
ses
h
ig
h
er
o
u
tp
u
t

7

D
iscu

ssion

•
N
eu
tra
lity

o
f
m
on
ey
h
old
s
in
m
o
d
el
(d
iff
eren

t
levels

o
f
M

t
h
a
s
n
o

rea
l
eff
ects

–
o
n
ly
eff
ects

o
n
P
t )

•
O
n
e-for-o

n
e
lo
n
g
ru
n
relatio

n
sh
ip
b
etw
een

n
om
in
al
m
o
n
ey
grow

th

a
n
d
in
fl
a
tio
n
as
in
d
a
ta

•
P
o
sitive

lo
n
g
-ru
n
rela

tio
n
sh
ip
b
etw
een

m
o
n
ey
g
row
th
a
n
d
o
u
tp
u
t

–
m
o
n
eta
ry
su
p
ern
eu
trality

o
f
m
o
n
ey
fa
ils

—
P
a
rticu

la
r
rela

tio
n
sh
ip
n
o
t
in
d
a
ta

—
H
en
ce,
if
eff
ect

is
im
p
ortan

t,
o
th
er
eff
ects

m
u
st
n
eu
tra
lize

it

in
rea
l
life

•
W
h
y
is
m
on
ey
in
th
e
m
o
d
el?

It
h
u
rts!

(is
th
e
sh
ort

cu
t
a
g
o
o
d

o
n
e?)

•
A
ll
b
eh
av
ior
is
p
ostu

la
ted
;
is
th
is
reaso

n
a
b
le?

W
h
a
t
w
ou
ld
o
p
ti-

m
izin
g
a
gen
ts
d
o?
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M
o
n
ey
in
th
e
u
tility

fu
n
ctio

n
(start)

•
T
h
is
m
o
d
el
a
m
en
d
s
th
e
stan

d
a
rd
R
a
m
sey
m
o
d
el
(o
p
tim
izin
g
h
o
u
se-

h
o
ld
s)
w
ith
m
o
n
ey

—
I.e.,

a
q
u
alifi
ca
tion

o
f
th
e
T
o
b
in
m
o
d
el
lik
e
th
e
R
am
sey

m
o
d
el

q
u
a
lifi
es
th
e
S
o
low

m
o
d
el

•
T
h
e
sh
o
rt-cu

t
h
ere

for
in
tro
d
u
cin
g
a
ro
le
for
m
o
n
ey
is
th
at
rea
l

m
o
n
ey
p
ro
vid
es
u
tility

p
er
se

—
O
n
e
in
terp

retatio
n
:
M
o
n
ey
facilitates

tran
sa
ctio

n
s
o
n
th
e

m
a
rk
et
a
n
d
red
u
ces

“
sh
op
p
in
g
tim
e”
(m
o
n
ey
as
su
ch
is
an

o
th
erw
ise
u
seless

co
m
m
o
d
ity....)

•
H
en
ce,
it
is
a
ssu
m
ed
th
a
t
th
e
p
er-p

erio
d
u
tility

fu
n
ction

o
f
h
ou
se-

h
o
ld
s
is

U
t
=
u
(c

t ,m
t )

w
ith

u
b
ein
g
in
crea

sin
g
a
n
d
co
n
cav
e
in
b
oth

arg
u
m
en
ts.

(It
is,

o
f
co
u
rse,

rea
l
m
o
n
ey
th
a
t
en
ters

in
u
,
i.e.,

M
t ’s
valu

e
rela

tiv
e
to

w
h
a
t
it
can

b
u
y
a
t
p
rice

P
t .)

•
O
ften

,
to
en
su
re
ex
isten

ce
o
f
a
n
eq
u
ilib
riu
m
w
h
ere

m
o
n
ey
is

h
eld

(a
“m
on
eta
ry
eq
u
ilib
riu
m
”
),
it
is
a
ssu
m
ed
th
at
for

so
m
e

m
,
u
m
(c

t ,m
)
=
0
an
d
u
m
(c

t ,m
t )
<
0
fo
r
m

t
>
m

•
A
im
of
rep
resen

ta
tiv
e
h
ou
seh
old

is
to
m
a
x
im
ize:

W
=

∞Xt=
0

β
tu
(c

t ,m
t )
,

0
<
β
<
1.

(2
.1
)

9

•
W
h
at
is
th
e
releva

n
t
co
n
stra

in
t?

•
A
ssu
m
in
g
th
e
p
h
y
sica

l
cap
ital

d
ep
reciates

a
t
ra
te
0
<
δ
<
1,
th
e

econ
o
m
y
-w
id
e
b
u
d
g
et
con
stra

in
t
is

(ign
o
rin
g
fo
r
sim
p
licity

fi
n
a
n
cial

a
sset

h
o
ld
in
g
s
B

t
u
sed

in
W
a
lsh
)

Y
t +

τ
t N

t
+
(1−

δ)
K

t−
1
+
M

t−
1

P
t
=
C
t
+
K

t
+
M

t

P
t ,

(2.2
’)

T
h
e
left-h

a
n
d
sid
e
is
ava
ilab

le
resou

rces
a
t
t
for

co
n
su
m
p
tio
n
,

th
e
ca
p
ita
l
sto
ck
a
n
d
rea
l
m
o
n
ey

•
In
p
er-ca

p
ita
v
ersio

n
,
a
ssu
m
in
g
n
o
po
p
u
la
tio
n
gro
w
th
a
s
in
W
a
lsh

(set
n
=
0),
w
e
get

y
t
+
τ
t
+
(1−

δ)
k
t−
1
+

1

1
+
π
t m

t−
1
=
c
t +

k
t
+
m

t

•
A
ssu
m
in
g
a
g
a
in

y
t
=
f
(k

t−
1 ),
w
e
g
et

ω
t
=

f
(k

t−
1 )
+
τ
t
+
(1−

δ)
k
t−
1
+

1

1
+
π
t m

t−
1
=
c
t
+
k
t +

m
t

(2.4
’)

•
H
en
ce,

ω
t
is
th
e
total

ava
ila
b
le
reso

u
rces,

trea
ted

a
s
given

a
t
t

b
y
th
e
h
o
u
seh
o
ld
s.

—
It
is
th
e
releva

n
t
sta
te
va
ria
ble

w
h
en
ch
o
o
sin
g
th
e
o
p
tim
a
l

p
ath
s
o
f
c,
k
,
a
n
d
m
a
t
d
a
te

t

1
0



•
H
o
u
seh
o
ld
’s
op
tim
izatio

n
p
ro
b
lem

is
so
lv
ed
b
y
d
y
n
a
m
ic
p
rogra

m
-

m
in
g
(co
u
ld
b
e
d
o
n
e
w
ith
L
a
gran

gia
n
m
eth
o
d
s
as
w
ell)

•
In
vo
lves

u
se
o
f
th
e
va
lu
e
fu
n
ctio

n
–
th
e
m
a
x
im
a
l
va
lu
e
of

W

g
iv
en
op
tim
a
l
b
eh
av
io
r
of
th
e
h
ou
seh
o
ld
,
an
d
g
iv
en
th
e
cu
rren

t

state
(ω
)

•
T
h
e
va
lu
e
fu
n
ction

V
m
u
st
th
erefore

satisfy

V
(ω

t )
=
m
ax{u

(c
t ,m

t )
+
β
V
(ω

t+
1 )}

M
ax
im
iza
tio
n
is
ov
er

c
t ,
m

t ,
k
t
su
b
ject

to
th
e
b
u
d
g
et
co
n
strain

t

a
n
d
th
e
d
efi
n
itio
n
o
f
ω
t+
1
(ava

ila
b
le
reso

u
rces

o
n
e
p
erio

d
a
h
ea
d
)

•
T
o
m
a
ke
it
sim
p
le,
on
e
su
b
stitu

tes
ou
t
ω
t+
1
a
n
d
su
b
stitu

tes
o
u
t

k
t
a
s
k
t
=
ω
t −

c
t −

m
t .O
n
e
th
en
m
ax
im
izes

(u
n
co
n
stra

in
ed
)
ov
er

c
t
a
n
d
m

t :

m
ax ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

u
(c

t ,m
t )

+
β
V ⎛⎜⎜⎝

f
(k

t )
+
τ
t +
(1−

δ)
k
t +

1

1
+
π
t+
1 m

t

|
{z

}
ω
t+
1

⎞⎟⎟⎠ ⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
a
n
d
th
u
s

m
ax ⎧⎪⎪⎨⎪⎪⎩

u
(c

t ,m
t )

+
β
V ⎛⎝

f
(ω

t −
c
t −

m
t )
+
τ
t

+
(1−

δ)
(ω

t −
c
t −

m
t )
+

1

1
+
π
t+
1 m

t ⎞⎠ ⎫⎪⎪⎬⎪⎪⎭

1
1

•
F
irst-o

rd
er
co
n
d
itio
n
con
cern

in
g
ch
o
ice
o
f
c
t :

u
c (c

t ,m
t )
+
β
V
ω
(ω

t+
1 )
∂
ω
t+
1

∂
c
t
=
0

u
c (c

t ,m
t )−

β
V
ω
(ω

t+
1 )
[f
k
(k

t )
+
1−

δ]
=
0

(2.6
’)

M
arg
in
a
l
u
tility

o
f
p
erio

d
t
co
n
su
m
p
tion

eq
u
a
ls
its
m
argin

a
l
lo
ss

(in
term

s
o
f
th
e
m
a
rg
in
a
l
valu

e
o
f
less

p
erio

d
t
+
1
cap
ital)

•
F
irst-o

rd
er
co
n
d
itio
n
con
cern

in
g
ch
o
ice
o
f
m

t :

u
m
(c

t ,m
t )
+
β
V
ω
(ω

t+
1 )
∂
ω
t+
1

∂
m

t
=
0

u
m
(c

t ,m
t )
+
β
V
ω
(ω

t+
1 ) ∙

1

1
+
π
t+
1 −

(f
k
(k

t )
+
1−

δ) ¸
=
0

(2.8
’)

M
arg
in
a
l
u
tility

p
erio

d
t
real

m
o
n
ey
(in

term
s
of
d
irect

u
tility

p
lu
s
m
a
rg
in
a
l
va
lu
e
o
f
m
o
re
rea
l
m
on
ey
reso

u
rces

in
p
erio

d
t+
1)

eq
u
als
m
a
rg
in
a
l
loss

(in
term

s
o
f
th
e
m
a
rg
in
a
l
va
lu
e
of
less

p
erio

d

t
+
1
ca
p
ita
l)

•
F
u
rth
erm

o
re,
tra
n
sv
ersa

lity
con
d
itio
n
s
m
u
st
b
e
sa
tisfi

ed
:

lim
t→
∞
β
tu

c (c
t ,m

t )
k
t
=
0

lim
t→
∞
β
tu

c (c
t ,m

t )
m

t
=
0

(o
th
erw
ise
ov
er-a

ccu
m
u
latio

n
o
f
k
a
n
d
m
is
ta
k
in
g
p
la
ce
–
life-

tim
e
u
tility

co
u
ld
b
e
im
p
rov
ed
th
ro
u
g
h
h
igh
er
co
n
su
m
p
tion

b
y

a
ccu
m
u
la
tin
g
less)

1
2



•
In
th
e
fi
rst-o

rd
er
co
n
d
ition

s
o
n
e
ca
n
elim

in
a
te
th
e
va
lu
e
fu
n
ction

V
b
y
u
se
o
f
th
e
so
-ca
lled

E
n
velo

pe
T
h
eo
rem

:

•
N
o
te:

o
p
tim
al
co
n
su
m
p
tio
n
a
n
d
m
o
n
ey
h
old
in
g
ch
o
ices

w
ill
b
e

fu
n
ctio

n
s
o
f
ω
t

•
D
efi
n
e
th
ese

a
s
c
t
=
c
(ω

t )
a
n
d
m

t
=
m
(ω

t ),
resp

ectiv
ely

•
T
h
e
va
lu
e
fu
n
ction

is
th
erefo

re
by
d
efi
n
itio
n
ch
a
racterized

a
s

V
(ω

t )
=
u
(c
(ω

t )
,m
(ω

t ))
+
β
V
(ω

t+
1 )
.

(*
)

A
s
(*)

h
o
ld
s
fo
r
a
n
y
valu

e
o
f
ω
t
it
fo
llow

s
th
a
t

V
ω
(ω

t )
=

u
c (c
(ω

t )
,m
(ω

t ))
c 0(ω

t )
+
u
m
(c
(ω

t )
,m
(ω

t ))
m
0(ω

t )

+
β
V
ω
(ω

t+
1 )
∂
ω
t+
1

∂
ω
t
.

(*
*
)

•
N
ow
,
fi
n
d
∂
ω
t+
1 /∂

ω
t
w
h
en

c
t
=
c
(ω

t )
an
d
m

t
=
m
(ω

t )
ap
p
lies.

O
n
e
g
ets∂

ω
t+
1

∂
ω
t
=
[f
k
(k

t )
+
1−

δ](1−
c 0(ω

t )−
m
0(ω

t ))

+
1

1
+
π
t+
1 m

0(ω
t )

1
3

•
C
om
b
in
in
g
th
is
w
ith
(*
*
):

V
ω
(ω

t )
=

u
c (c
(ω

t )
,m
(ω

t ))
c 0(ω

t )
+
u
m
(c
(ω

t )
,m
(ω

t ))
m
0(ω

t )

+
β
V
ω
(ω

t+
1 ) ⎧⎨⎩

[f
k
(k

t )
+
1−

δ](1−
c 0(ω

t )−
m
0(ω

t ))

+
1

1
+
π
t+
1 m

0(ω
t )

⎫⎬⎭
.

•
C
ollect

th
e
c 0(ω

t )
a
n
d
m
0(ω

t )
term

s:

V
ω
(ω

t )
=
[u

c (c
(ω

t )
,m
(ω

t ))−
β
V
ω
(ω

t+
1 )
(f

k
(k

t )
+
1−

δ)]c 0(ω
t )

+ ⎡⎣
u
m
(c
(ω

t )
,m
(ω

t ))
+
β
V
ω
(ω

t+
1 )

1

1
+
π
t+
1

−
β
V
ω
(ω

t+
1 )
[f

k
(k

t )
+
1−

δ]

⎤⎦
m
0(ω

t )

+
β
V
ω
(ω

t+
1 )
[f
k
(k

t )
+
1−

δ]

•
N
O
T
E
:

V
ω
(ω

t )
= ⎡⎣

u
c (c
(ω

t )
,m
(ω

t ))−
β
V
ω
(ω

t+
1 )
(f

k
(k

t )
+
1−

δ)
|

{z
}

=
0
b
y
(2
.6
’)

⎤⎦
c 0(ω

t )

+ ⎡⎢⎢⎢⎢⎢⎣
u
m
(c
(ω

t )
,m
(ω

t ))
+
β
V
ω
(ω

t+
1 )

1

1
+
π
t+
1

−
β
V
ω
(ω

t+
1 )
[f

k
(k

t )
+
1−

δ]
|

{z
}

=
0
b
y
(2
.8
’)

⎤⎥⎥⎥⎥⎥⎦
m
0(ω

t )

+
β
V
ω
(ω

t+
1 )
[f
k
(k

t )
+
1−

δ]

•
A
ll
term

s
in
fro
n
t
o
f
c 0(ω

t )
a
n
d
m
0(ω

t )
a
re
zero

b
y
th
e
fi
rst-o

rd
er

con
d
itio
n
s.

—
T
h
is
m
a
k
es
sen
se,
a
s
th
ese
term

s
in
d
eed

ca
p
tu
re
th
e
m
argin

a
l

va
lu
es
o
f
c
a
n
d
m
.
.
.
.
in
an

op
tim

u
m
th
ese

m
u
st,

of
cou

rse,
b
e
.
.
.
zero

1
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•
T
h
erefore,

(*
*)
red
u
ces

im
m
ed
ia
tely

to

V
ω
(ω

t )
=
β
V
ω
(ω

t+
1 )
[f

k
(k

t )
+
1−

δ]

•
T
h
en
u
se
th
e
fi
rst-o

rd
er
co
n
d
itio
n
fo
r
con
su
m
p
tio
n
ch
oice,

u
c (c

t ,m
t )−

β
V
ω
(ω

t+
1 )
[f
k
(k

t )
+
1−

δ]
=
0,

to
o
b
ta
in
W
a
lsh
’s
ex
p
ressio

n
(w
h
ich

is
tech

n
ica
lly
th
e
en
v
elop

e

th
eo
rem

):

V
ω
(ω

t )
=
u
c (c

t ,m
t )
.

(2.1
0
)

—
M
a
rgin

al
u
tility

of
co
n
su
m
p
tion

eq
u
als
m
argin

a
l
valu

e
o
f
w
ea
lth

—
A
fa
m
ilia
r
resta

tem
en
t
o
f
op
tim
a
l
in
tra
tem

p
ora
l
co
n
su
m
p
tion

ch
oice!

1
5

•
W
ith
th
is
ex
p
ressio

n
,
th
e
fi
rst-o

rd
er
co
n
d
itio
n
s
ca
n
b
e
rew
ritten

a
s

u
c (c

t ,m
t )
=
β
u
c (c

t+
1 ,m

t+
1 )
[f
k
(k

t )
+
1−

δ]

(a
d
iscrete-tim

e,
m
o
n
ey
v
ersio

n
o
f
th
e
sta
n
d
a
rd
K
ey
n
es-R

am
sey

ru
le),

an
d

u
m
(c

t ,m
t )
+
β
u
c (c

t+
1 ,m

t+
1 )

1
+
π
t+
1

=
u
c (c

t ,m
t )

(m
a
rg
in
a
l
g
a
in
o
f
m

t
eq
u
a
l
to
th
e
m
argin

a
l
loss

in
term

s
o
f
low
er

cap
ita
l
in
p
erio

d
t
+
1
–
eq
u
a
l
to
th
e
m
a
rg
in
a
l
u
tility

of
c
t
b
y

th
e
“
K
ey
n
es-R

am
sey

ru
le”
)

•
T
h
ese
con
d
itio
n
s,
tog
eth
er
w
ith
th
e
b
u
d
g
et
co
n
stra

in
t
ch
a
ra
cter-

izes
th
e
op
tim
al
p
a
th
s
o
f
c,
k
,
an
d
m

•
W
e
w
ill,
for
n
ow
,
con
cen
trate

o
n
th
e
lo
n
g
-ru
n
p
ro
p
erties

o
f
th
e

m
o
d
el;
i.e.,

a
stea

d
y
sta
te
w
ith

∆
c
t
=

∆
k
t
=

∆
m

t
=
0.

•
F
irst,

fro
m
“
K
ey
n
es-R

am
sey

ru
le”
it
fo
llow

s
th
a
t
in
stead

y
sta
te

1
=
β
[f

k
(k

ss)
+
1−

δ],

o
r,

f
k
(k

ss)
+
1−

δ
=
1β

(2
.1
8
’)

•
T
h
is
–
in
d
ep
en
d
ently

of
any

m
on
etary

factors
–
d
efi
n
es

th
e
stead

y
-state

ca
p
ita
l
p
er
ca
p
ita
(an
d
th
u
s
o
u
tp
u
t
p
er
ca
p
ita
).

1
6



•
S
tron

g
co
n
trast

w
ith
T
o
b
in
m
o
d
el

•
D
iff
eren

ce
is
b
eca
u
se
th
is
m
o
d
el
en
v
isio
n
s
o
p
tim
a
l
b
eh
av
io
r.

—
If,
e.g
.,k

t
<
k
ss
th
e
cu
rren

t
m
a
rg
in
al
p
ro
d
u
ct
of
ca
p
ita
l
is
rel-

a
tively

h
ig
h
(a
s
f
k
k
<
0)
=⇒

o
p
tim
a
l
to
p
o
stp
o
n
e
con
su
m
p
-

tio
n
to
la
ter
=⇒

ca
p
ita
l
is
a
ccu
m
u
lated

u
n
tilf

k
(k

ss)+
1−

δ
=

1/β
h
old
s
ag
a
in

—
If
o
n
e
im
a
gin
ed
th
a
t
a
T
o
b
in
eff
ect

w
a
s
th
ere;

o
n
e
w
o
u
ld
b
e

self-co
n
tra
d
icto

ry
:

∗
A
ssu
m
e
h
ig
h
er
in
fl
a
tio
n
in
creases

cap
ital

ab
ov
e
stea

d
y

sta
te

∗
T
h
en
th
e
m
arg
in
a
l
p
ro
d
u
ct
d
ecrea

ses,
a
n
d
h
o
u
seh
o
ld
s
w
ou
ld

w
a
n
t
to
con
su
m
e
n
ow
rath

er
th
a
n
la
ter
=⇒

th
ey
en
d
oge-

n
ou
sly

sav
e
less

an
d
cap
ital

d
ecrea

ses
u
n
til

k
ss
is
rea
ch
ed

a
g
ain
!

∗
In
fl
atio

n
h
a
s
n
o
stea

d
y
-sta

te
eff
ect
o
n
cap
ital.

P
ossib

le
in

T
o
b
in
m
o
d
el,
w
h
ere
in
d
iv
id
u
a
ls
a
re
m
o
d
elled

a
s
h
av
in
g
an

exogen
ou
s
sav
in
gs
rate

1
7

•
W
h
at
a
b
o
u
t
con
su
m
p
tio
n
in
stea

d
y
sta
te?

•
T
h
e
b
u
d
get

co
n
stra

in
t
in
stea

d
y
sta
te
is

f
(k

ss)
+
τ
ss
+
(1−

δ)
k
ss
+

1

1
+
π
m

ss
=
c
ss
+
k
ss
+
m

ss

•
T
ra
n
sfers

are

τ
t
=
(M

t −
M

t−
1 )
/P

t ,

=
θ
t M

t−
1 /P

t ,

=
θ
t

1
+
π
t m

t−
1 ,

so
in
stea

d
y
sta
te:

τ
ss
=

θ

1
+
π
m

ss

•
S
in
ce
a
co
n
sta
n
t
m
im
p
lies

π
=

θ
,
a
s
in
th
e
T
ob
in
m
o
d
el,
on
e

g
ets

f
(k

ss)−
δk

ss
=
c
ss

T
h
is
is
sim
p
ly
th
e
eco
n
om
y
’s
resou

rce
co
n
strain

t
(n
a
tion

al
ac-

cou
n
t):
O
u
tp
u
t
less

g
ro
ss
in
v
estm

en
t
eq
u
als
co
n
su
m
p
tion

•
Im
p
lica
tion

is
th
a
t
c
ss
is
d
eterm

in
ed
ex
clu
siv
ely
b
y
k
ss;
a
n
d
th
u
s

a
lso
in
d
ep
en
d
en
t
o
f
m
on
ey
g
row
th

•
M
o
d
el
ex
h
ib
its
su
pern

eu
tra
lity

o
f
m
o
n
ey

1
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•
D
o
es
m
o
n
ey
g
row
th
an
d
in
fl
a
tio
n
n
o
t
a
ff
ect

a
n
y
th
in
g
?

•
Y
es,
th
e
o
p
p
o
rtu
n
ity

cost
o
f
h
old
in
g
rea
l
m
o
n
ey,

a
n
d
th
u
s
th
e

stead
y
-state

valu
e
o
f
real

m
o
n
ey

•
T
o
see

th
is,
n
o
te
rela

tiv
e
d
em
a
n
d
fo
r
co
n
su
m
p
tio
n
versu

s
rea
l

m
o
n
ey
is
g
iv
en
b
y
[u
se
fi
rst-ord

er
co
n
d
.
for
m
o
n
ey
h
o
ld
in
g
s
a
n
d

d
iv
id
e
th
ro
u
g
h
b
y
u
c (c

t ,m
t )]

u
m
(c

t ,m
t )

u
c (c

t ,m
t )
=

u
c (c

t ,m
t )

u
c (c

t ,m
t ) −

1

1
+
π
t+
1

β
u
c (c

t+
1 ,m

t+
1 )

u
c (c

t ,m
t )

=
1−

1

1
+
π
t+
1

1

(f
k
(k

t )
+
1−

δ)

=
1−

1

(1
+
π
t+
1 )

1

(1
+
r
t )

w
ith

r
t ≡

f
k
(k

t )−
δ
b
ein
g
th
e
real

in
terest

rate

•
N
o
te
th
a
t
th
e
rea
l
in
terest

rate
is
th
e
n
om
in
al
ra
te
n
et
of
ex
p
ected

in
fl
a
tio
n
:1
+
r
t
=
(1
+
it )

/
(1
+
π
t+
1 )
,

(r
t ≈

it −
π
t+
1 )

•
H
en
ce,

u
m
(c

t ,m
t )

u
c (c

t ,m
t )
=

it
1
+
it ≡

I
t

(2.1
2
)

S
o
,
a
s
n
o
m
in
a
l
in
terest

ra
te
is
d
eterm

in
ed
b
y
th
e
F
ish
er
rela
tio
n
-

sh
ip
,
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