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Abstract

This note shows how to derive the nominal interest rate securing that
the actual money supply always is equal to the value securing the
average inflation target. I.e., the nominal interest rate that uses the
actual money supply as an intermediate target.

The model is given by

v = a(m— Eim) + 2
Yy = —« (it - Et7Tt+1) + ug
My —pPy = My — T —Pr1 =Yg — Cly + 0
What money supply would give an inflation target of 7*7 The trick is to
acknowledge that with the strict inflation targeting preferences, in expected

value we have inflation on target. l.e., E; 17 = Eymp = 7*. Hence the
model is rewritten as

yy = a(m—7")+ 2z
vy = —a(iy—7") +u
My — P = My — T — P =Yg — Cly + 0y

Now, the LM curve is inserted into the IS curve to eliminate #;:

+ vy — My + T+ Py X
ytz—&yt t tc t T Dt 1+a7r ¥y,
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and

«o —Vy + My — Ty — Py .
yt(1+z)=a ! ! ! pt1+a7r + Uy,

&
a+c —U + My — Ty — Py
Yt =« + a4 uy,
& &
o

c *
Y = (mt—ﬂt_pt—l_vt)‘i‘oé C(Onr + uy) .

a+c
We then find the actual inflation rate by combining this expression with the
“modified” Lucas supply schedule:

«

(my —m — pi—1 — o) +

o OH_C(OMT +u) =a(m — 1) + 2,

from which we get the solution for the inflation rate for a given money supply:

«

(my — 7 — peo1 — o) + (am™ 4+ uy) = a(m — 7)) + 24,

a—+c a—+c

(l a m Pt— (Y QT u aT zZ
t c c t t—1 t c t t

Wta(a—i-c)—l—oz: - (my — pr—1 —vg) +
a+c a—+c a—+c

and therefore

(am™ 4+ u) + am™ — 2

o c . ala+c)m™ — (a+c)z
=—F— (M —pro1 — ) +————— (a7 + )+
ala+c)+ o alov+c)+a a(la+c)+ o

We then solve for the value of m; that secures m; = 7*. L.e., this value must
satisfy

. « c a(a+c)m™ — (a+c)z

" :a(a—l—c)—ira(mt—pt_l_vt)—i_a(oz—l—c)—ira(om )t a(la+c)+ o

Y

from which we get

. ca+a(a+c) a c
Tl = (M =P~ V) W
alao+c)+a ala+c)+ o ala+c)+ o
(a+c)
R NZ,
alov+c)+a
and
Jaa+co)+a—ca—ala+c) «
m = (ms — pr1 — vy)
ala+c)+ o alov+c)+a
c  (a+o o

+ u
ala+c)+a ' ala+c)+a



*

a(l—c el c (a+¢)

(m¢ — pr—1 — ve)+ Up—

ala+c)+a alate)+a
and finally

a(la+c)+

. C a+c
mi=p1t+u+(1l—cn —aut‘i‘

Zt.
As shocks are unobservable, the optimal target of m; is given by

~ . C a+c
me =pi1+po1+(1—c)n* — apuut—1 + szzt—l (9.19)

The actual money supply, for a given interest rate i , follows from the LM

curve as R R R R
my (Zt) = Ty (Zt) + Di—1 T Ys (Zt) — Cly + . (*)

Note that we have that

~ . 1

e =7+ —(pyUe-1 — prze-1) (9.17)
and

~ —e
a

We can then find y; (2:) by inserting (2:) into the Lucas supply schedule:

i (2:) = a(w*—i—%—w*) + 2

= Y= e+ 2z
Py + PrRt-1

Then insert the found expressions for 7, (2:), Yy (2:) and i, into (*):

o o * Py — €
my\u) = T + N T D1 T Pt PR

|
I (Putie—1 = p2e-1) | + vy

1+a c 1 a+c
Op — —PyUt—1 — —€ F
«Q a

= (1= +p1+v+

pEi%)

a
From (9.19) note that

a+c

N . C
My —pe1=pra+ (1 —c)7" — apuut—l + PzRt—1,

«

a(la+c)+

Zt,



which applied on (**) yields

~ N 1+a 1
my (zt) = My — P,U—1 + v + P e ((9.20))
Y 1+a 1
= Ty + Y+ i G

Now, when actual m; conditional on 2: changes relative to my, it is time
to change #; such that m; = m; again. What value of the interest rate will
accomplish that? Le., how do we derive equation (9.21) on page 443 in Walsh
(2003)?

The trick is to solve the model for m; as a function of any value of the
interest rate, and then find the interest rate that delivers m, = m,. This
can be accomplished by the central bank, as it observes m; even though it
doesn’t observe the various period-t disturbances.

As the model is

yy = a(m—7%)+ 2z
vy = —a(iy—7") +u
My — P = My — T — P =Yg — Cly + Uy

we first combine the AS and IS curve to find inflation as a function of the
interest rate:

a(m—7")+2z=—a(iy—7")+u
and thus
at+oa , a1
Ty = ™ ——2t+_(ut—2t)
a a a

We have output a function of the interest rate directly from the IS curve:
Yy = —a(iy — %) + uy

We can the use this in the LM relationship to find

at+a , a. 1 , . :
my = — —Ezt—i—a(ut—zt)—i—pt_l—a(zt—ﬂ)—i—ut—czt—l—vt
a(l+a)+ca. a+ataa , 1+a 1
= Tt T T APt U U =

Securing that m, = m, requires that we use (9.19) and find the value of i,
that secures this:

a(l+a)+ca. a+a+aa | l+a 1
- t + [ S B Up + Vg — — 2
a a
a+c

. C
= Pt pua+ (L—o)m — o Puttt=1 + PzZt=1,

«

4



or,

a(l+a)+ca. at+at+aa , 1+4a 1
— 1 + T 4+ ut—i-'l}t—azt

a a

. C a+c
povi-1 + (L= )" = =p 1+ ——p.z1,
o o

a(l+a)+ca. a+at+aan , 14a

1t + T + PuUt—1
a a a
1+a 1 1
ey Ty~ P — e
a a a
. C +c
= (I-om —apuut—lJr P2%t-1,
a(l+a)+ca. at+at+ar , [l4+a ¢
— 1+ T + + = | PuUt—1
a a a o)
1+a 1 a+c 1
+ 90t+wt_ _+ pZZt_l__et
a a a
= 1—¢)7"
a+a+aa . 1+a ¢
———tc—1|7m + + = | P U1
a a o)
1+a 1 a+c 1
+ Spt + wt - - + pZZt_l — — €t
a a a
a(l4+a)+ca.
= —’lt
a

a+a+aa ., a(l+a)+ca
—— ftc—- 1)t U
a ac
l+a a+a(a+c) 1
+ N 0 Rl
ac a
a(l4+a)+ca.
= ——i
a t
An thus
~a(l+a)+ca a(l+a)+ca ,
p— = ————7
a a
a(l+a)+ca
fOUL DA = p)
ac
1+a 1
+ @+ — —er,
a a



which finally gives

: ., 1
o= T +a(puut—1_pzzt—1)
(1+a)p, — e+ ar,
a(l+a)+ca

Using the result for 2':, equation (9.17), this readily reduces to

. 1+a)p, —es+a,
1 = Ut =1
a(l+a)+ca

which is equation (9.21) in Walsh (2003).
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