
May 3, 2004

Finding the solution of the simple New Keynesian model when
k > 0

Q How does one derive equations (4.3’) and (4.4’) from the slides of April
26?

A This is a good question, as the equations follow the format of Clarida et
al., but as written are a bit imprecise. The message from the equations
is that the solution will be then same as when k = 0, except for a
constant term portraying an inflation bias. Clarida et al. make a
simplifying assumption by setting β = 1, which will make the constant
term a simple one. Clearly, β = 1 should be applied in the coefficients
to the ut shock, but I retained β explicitly, so that you could see that
the coefficients on the shocks are the same as in the slides covering
the case of k = 0. Maybe that is a little confusing. So here are the
computations of (4.3’) and (4.4’) for any value of β:

The central bank’s per-period utility function is:

−α
2
(xt − k)2 − 1

2
π2t , k > 0,

and the AS curve is

πt = βEtπt+1 + λxt + ut.

The relevant first-order condition will be (insert the AS curve into the
utility function, maximize w.r.t. xt and take Etπt+1 as given; just as in
the case of k = 0):

−α (xt − k) = λπt.

This is inserted into the AS curve:

πt = βEtπt+1 − λ [(λ/α)πt − k] + ut

πt
¡
1 + λ2/α

¢
= βEtπt+1 + λk + ut

πt =
β

1 + λ2/α
Etπt+1 +

λ

1 + λ2/α
k +

1

1 + λ2/α
ut

This is a first-order expectational difference equation with one unstable
root (as in the case of k = 0); so there is a unique non-explosive solution
to πt. In the case with k = 0, it was conjectured that πt = Xut,
where X was the undetermined coefficient to be determined. Now,
what makes the above difference equation different from the one with
k = 0?
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The presence of a constant term. Hence, a sensible conjecture is one that
involves a constant term. I.e., conjecture a solution of the following
format:

πt = Y +Xut, (*)

where Y and X are the undetermined coefficients to be determined.

Find the coefficients. Forward (*) one period, and take period t expecta-
tions:

πt+1 = Y +Xut+1,

Etπt+1 = Y +XEtut+1,

Etπt+1 = Y +Xρut. (**)

Insert this into the difference equation:

πt =
β

1 + λ2/α
[Y +Xρut] +

λ

1 + λ2/α
k +

1

1 + λ2/α
ut

πt =
βY + λk

1 + λ2/α
+

Xβρ+ 1

1 + λ2/α
ut

This verifies the form of the conjecture, and identifies the coefficients
by the equations

Y =
βY + λk

1 + λ2/α

X =
Xβρ + 1

1 + λ2/α

These are solved to get

Y =
1

1− β + λ2/α
λk,

X = α
1

λ2 + α (1− βρ)
ut

Hence,

πt =
1

1− β + λ2/α
λk + α

1

λ2 + α (1− βρ)
ut,

which is equation (4.4) in Clarida et al. (1999) and (4.4’) in the posted
slides on the web (April 26), when one simplifies the constant term by
taking Clarida et al.’s simplifying assumption β = 1 into account (this
makes Y = α/λ).

2



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


