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Abstract

This note shows how equation (9.11) implies the optimal value of
the coefficient in the extended Poole model with the money base rule
as a linear function of the nominal interest rate, when in (9.11) the
forecasts of the shocks are linear projections on the interest rate.

We have the resulting interest rate in the model with b; = ui; , and equations

Yo = —lp+uy (9,1)
my = —cCiy+ Yy + U
my = bt + h/lt + Wt (97)

given as
Vg — Wy + Uy

T atctpth
The resulting solution for output is given by

(9.9)

Vp — Wt + Uy
Y = @ U
a+c+p+h
(c+p+h)u —a(vy—wy)

at+ctuth

Y
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with the associated variance

) (c—i—u—kh)QUi—aQ(Ug—i—ai)
ol = .

v (a+c+p+h)?

Minimizing this with respect to u gives the first-order condition

20c+pth)oi(atetp+h)’ —2(a+c+pth) [(c+p+h)ol—a®(ol+02)]
(a+c+p+h)?

and thus
2(c+pu+h)o(a+c+pu+h)’=2(a+c+pu+h) [(C+M+h)203—042 (07 +02)] =0,

(cH+p+h)o?(a+c+p+h)—(c+pu+h)i?o’+a? (62 +02) =0,

2 2
<c+u+h><a+c+u+h>_<c+ﬂ+h>2+az@ o,
2+ 2
(ctntm)l(atetpth) - (tptm)+ar ) g
and thus ) )
ph=—(c+h) —1—042% (9.10)

as the optimal coefficient in the policy rule.
The alternative is that shocks are observable, so that the base rule can
be stated as
by = pu,ue + fh, Ve + fh,We-

Inserting this into (9.1), (9.2) and (9.7) gives:

my = U + b,V + U Wi+ h/lt + Wy
= —cCig+y+ v

Eliminating i by (9.1) yields

U — Yt Uy — Yt
+wt:—C

Mo Ut + 0 + fh,wi + D + Y + vt

from which we get the solution for y;:

c h h ¢
yt(1+—+—) :(Mv—l)vt+(Mu+_+_)ut+(1+ﬂw)wt
a « a o«



We immediately see that

c+h
bt:— Up + Ve — Wy
o

completely stabilizes output. However, shocks cannot be observed, so esti-
mates of the shocks are made based on the observed interest rate, so that
the policy rule becomes

c+h .
bt:— ut—l—vt—wt
«

where
'I/L\t =E [utht] s i}\t =E ['Ut"l.t] s L/L\Jt =E [wtht] .

are the estimates of the shocks based on the observed interest rate. We
assume that these estimates are made by linear projections on i; with the
aim of minimizing the squared forecast errors.

But what is the nominal interest rate under this rule? From (9.1) and
(9.2) one immediately get

my = — (c+ )iy + ug + vy
Using (9.7) on gets

bt—i-hz't—i-wt:—(c—i—oz)it—i—ut—i—vt

and thus
P = bt Ut -+ Ve — Wt
"7 a4c+h a+c+h
As the shock forecasts are linear prOJeCthHS on_ i ut = [utlzt] = 5u2t, v =

Elvi|iz] = 5 vir and Wy = Elwiy] = 5 wit, where 5u, (5 and (5 are estimation
coefficients to be determined, we have that

@:(—CZ%Q+§V%L)Q (9.11)

Therefore we get an expression for the interest rate from

h~
ida+c+h):—( cr 8u + 0, —6)n+ufmg—wb

so that the solution for the interest rate becomes
U + Vp — Wy
ateth—hy, 45, -3,

'l.t:

3



Hence, the estimates are found from

~

U = Oyly

=0

Ut + Ve — Wy

“atcth— S, 45, -5,

where ¢, minimizes the squared forecast error. lLe., it solves

min  E [T — u]?

6714
2

. U + Vp — Wy
= min E|J, R [

Ou a+c+h =20, +0, — 0y

2 2 2 2

. o,+o,+to o
= min |8 T s+o2—26 -

6714

(a+c+h—%§u+8\v—?§w)

The first-order condition is:

%, 02402 + o2 Ly o2 o,

(a+c+h—ih5u+§v—8\w)2 a+cth— <o, + 0, — 0y

or,
2 2 2
o, + o, + oy

Ou —— —
a+c+h— <o, +6, -0,

We then find the estimation coefficient ;5\7) from

min E [i}\t — 'Ut]2

v

Ut + Ve — Wy

= min E |/,

= = —~ — Ut
8 a+c+h— s, +0, -0,

The first-order condition becomes

2 2 2
o, ‘o, + o,

0y = —
a+c+h— <5, +65, -0,

0_2 =0 (**)

Likewise, the first order condition determining ¢, becomes

2, 2 2
5. Uv—l-ij‘UuA 02 =0 (%)
a+c+h—<E, 40, -0,




Combining (*), (**) and (***) reveals that the estimates are

0w = «,
~ ao?
61} = 5
O—'LL
2
-~ a0
b, = — e

Hence, the forecast-based rule for b is given by

bt == (—C + hgu +g'u _gw) 'l.t

«

= {—(c+h)+w} i

2
Ou

% -
= W .

Le., the exact same optimal rule as derived before by (9.11).
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