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Abstract

We study the effect of model uncertainty in a New Keynesian open-economy
model using robust control techniques. Due to the simple model structure,
we are able to solve a version of the robust control problem analytically, and
we analyze the separate effects of uncertainty concerning the determination
of inflation, output and the exchange rate. We show that an increased cen-
tral bank preference for robustness can make monetary policy more aggressive
or more cautious, depending on the type of shock and the source of uncer-
tainty. In a closed-economy version, however, increased robustness always

makes monetary policy more aggressive.
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1 Introduction

Good policy design requires a good understanding of private sector behavior. Such
understanding is important not only in order to identify market deficiencies and
hence policy objectives, but also when trying to meet objectives in the best possible
way. Recently, the New-Keynesian model as laid out by Rotemberg and Woodford
(1997), Clarida et al. (1999) and others has established itself as the mainstream
model for monetary policy analysis. The model captures the sluggish adjustment
of prices and the intertemporal consumption decision in a model framework with
optimizing households and firms. With only a very limited number of equations,
the model is having a strong influence and has provided policymakers with several
guiding policy principles in responding to the different disturbances in the economy
(see, e.g., Clarida et al., 1999, and King, 2000).

Although the model has many attractive theoretical properties, it has been criti-
cized by many researchers, most notably for not fitting the data well.! One response
to such criticism is to design more complex models that are able to better capture
the behavior of macroeconomic variables, following, e.g., Christiano et al. (2001).
Such models gain in realism but lose in tractability. An alternative route is to
acknowledge that the simple model is a misspecified description of reality, and to
design policy to take this misspecification into account. In this paper we follow the
second route and allow for the possibility that the model may not be the correct rep-
resentation of private sector behavior. Rather, we will assume that the true model
of private sector behavior lies in some neighborhood of the reference model, and we
analyze how monetary policy should be designed in order to work reasonably well for
all models inside this neighborhood. This problem has recently been addressed by
Hansen and Sargent (2004) using “robust control” techniques. Assuming that the
policymaker is unable to formulate a probability distribution over plausible mod-
els, the robust policymaker designs policy for the worst possible outcome within a
pre-specified set of models.

We apply robust control techniques developed by Hansen and Sargent (2004) and
Giordani and Soderlind (2003) to a New Keynesian open-economy model developed
by Gali and Monacelli (2004) and Clarida et al. (2002). We generalize the standard
robust control framework by allowing the policymaker’s preference for robustness
to differ across equations, reflecting the confidence the policymaker has in each

relationship. For instance, the policymaker may be quite confident about one of

1See, e.g., Fuhrer (1997), Estrella and Fuhrer (2002, 2003), Rudebusch (2002).



the equations (e.g., the Phillips curve) and believe that robustness to deviations
from this equation is not important, but at the same time be very uncertain about
some other equation (e.g., the exchange rate relationship). This approach allows
us to consider each equation in turn and ask what is the appropriate response of
the robust policymaker to misspecification in this particular equation. Thus we will
consider several different types of uncertainty within the model: uncertainty about
firms’ price-setting, uncertainty about consumer behavior, and uncertainty about
the model determining the exchange rate.?

The ability to focus on model uncertainty in particular equations seems impor-
tant. Policymakers are more confident in some relationships than in others, and
so regard some model uncertainty as being more substantial than others. In open
economies, monetary policymakers are particularly uncertain about the effects of the
exchange rate on the economy and the effects of monetary policy on the exchange
rate. Using our approach, we are able to analyze the proper response of monetary
policy to such uncertainty, while keeping other sources of uncertainty fixed.

One important part of the analysis will focus on the effects of model uncertainty
on monetary policy. Thus far, there is no consensus about whether increased uncer-
tainty should lead to more aggressive or more cautious policy behavior. Following
the seminal analysis of Brainard (1967), it is well-accepted that increased uncer-
tainty about the effects of policy should lead to more cautious policy behavior, at
least within a Bayesian framework. However, Séderstrom (2002) shows that this is
not generally true for all parameters in the model: increased uncertainty about the
persistence of inflation should rather make policy more aggressive. Within the ro-
bust control literature, increased uncertainty tends to lead to more aggressive policy
behavior, see, e.g., Hansen and Sargent (2001, 2004), Giannoni (2002), and Giordani
and Soderlind (2003).

These studies of robust control have all used numerical methods to solve for the
optimal robust policy in a closed economy. Our analysis, using analytical solutions,
will show that this result does not carry over to the open economy: depending on
the source of uncertainty and the type of disturbance hitting the economy, optimal
robust policy in an open economy can be either more aggressive or more cautious

than the non-robust policy. In the closed economy version of our model, in contrast,

2Leitemo and Soderstrom (2003) study the effects of exchange rate model uncertainty on the
performance of optimized simple monetary policy rules. In their framework, the central bank is
uncertain about the exchange rate model, but private agents have perfect information about the
exact specification of the model. In the present paper both the central bank and private agents
have doubts about the true model.



robustness always makes optimal policy more aggressive.

A second set of our results will discuss the effects on the macroeconomy of the
central bank’s fear for model misspecification. As the central bank designs policy
to do well in the worst-case scenario, this will have important consequences for the
economy in other more likely outcomes. We show that the price of being robust to
misspecification in the Phillips curve or the exchange rate equations comes in the
form of inefficiently high output variability; whereas robustness against misspecifi-
cation in the output equation comes at the cost of higher inflation variability. These
results are independent of the distribution of the shocks.

Our paper is organized as follows. In Section 2 we present the New Keynesian
open-economy model and review some terminology. In Section 3 we derive the
stochastic equilibrium under a robust policymaker, both in the “worst-case” model
when misspecification is present and in the “approximating” model, which is the
most likely outcome. Section 4 is devoted to analyzing the effects of an increased

preference for robustness. Section 5 summarizes and concludes.

2 A simple New-Keynesian open-economy model

We use a very simple model of a small open economy developed by Gali and Mona-
celli (2004) and Clarida et al. (2002), but deviate from these authors by introducing
a time-varying premium on foreign bond holdings. This enables us to analyze uncer-
tainty concerning the model determining the exchange rate, which is an important
goal of the paper. The model is a generalization of the canonical New-Keynesian
model for a closed economy developed by Rotemberg and Woodford (1997) and
others, and carefully examined by Clarida et al. (1999).

The world is assumed to consist of two countries: a small open home country
and a large, approximately closed, foreign country. The two countries share prefer-
ences and technology and produce traded consumption goods. In the home country,
firms produce domestic goods, and households consume both domestic and imported
goods.

Define by 7, the rate of inflation in the domestic goods sector; by x; the output
gap in the domestic economy, i.e., the log deviation of domestic output from its
flexible-price level; and by e; the real exchange rate, defined in terms of the domestic

price level as

€y = 8¢ +P{—Pt> (1)



where s; is the nominal exchange rate, p{ is the price level in the foreign economy,
and p; is the price level of domestically produced goods.?
The domestic inflation rate, the output gap and the real exchange rate are in-

terrelated according to the following three equations:

Ty = ﬁEtﬂ-t-i-l + RX¢ + Qe + 271—5?, (2)
1. i

Ty = By — ; [lt - Et7t+1] -7 [Et€t+1 - et] + Y, (3)

€t = Etet-i-l — [Zt — Etﬂ-t-i-l] + Zegf. (4)

Equation (2) is a New-Keynesian Phillips curve for the open economy, where the
rate of domestic inflation depends on expected future inflation and current marginal
cost, which is affected by the output gap and the exchange rate. The real exchange
rate affects marginal cost through households’ labor supply decision: households
value their wage relative to the consumer price index (which includes prices of im-
ported goods), so the equilibrium wage depends on the real exchange rate. The
inflation shock, €7, is due to changes in the flexible-price level of the real exchange
rate.

Equation (3) is an expectational IS curve, expressed in terms of the output gap,
that relates the output gap to the expected future output gap, the real interest
rate (as households substitute consumption over time), and the real exchange rate
(as consumption is partly satisfied through imported goods). The demand shock
ey reflects expected changes in the flexible-price level of output, or, equivalently,
changes in the natural real interest rate.

Finally, equation (4) is a real interest parity condition, where the expected rate

of real depreciation is related to the real interest rate differential (also in terms

3Formally, e; defined as in equation (1) is the terms of trade, the difference between the price on
imported goods (the foreign price level denominated in domestic currency) and domestic goods. A
more traditional way of defining the real exchange rate would be in terms of the domestic consumer
price index:

qt = St +p{*pfa

where p§ = (1 —w)p: + w(p{ + s¢), and where w is the share of imports in domestic consumption.
However, since the equation determining e; is derived from the uncovered interest rate parity con-
dition determining the nominal exchange rate, we will nevertheless refer to it as the real exchange
rate. Our definition is not crucial to our results: the traditional real exchange rate is related to
our real exchange rate by

@ =(1—w)ey,

so changes in e; are proportionally reflected in changes in g;.



of domestic inflation) between the domestic and foreign economies. All foreign
variables are assumed to be exogenous, and therefore set to zero. The exchange rate
disturbance, €7, reflects the fact that domestic households pay a premium on foreign
bond holdings.

All shocks €] are assumed to be white noise with zero mean and unit variance.
The Y; parameters determine the variance of the shocks: for instance, the variance
of the supply shock X, &7 will be X2,

Appendix A shows how to derive this model from the optimizing behavior of
a representative agent in a small open economy, giving a structural interpretation
to all parameters in the model, following Gali and Monacelli (2004), Clarida et al.
(2002) and Walsh (2003, Ch. 6.5).* The parameter § is the discount factor of
domestic households and firms, while the parameters x, a o, and v depend on

“deep” parameters according to

(1-0)(1—p0)(6 +n)

5 = . , (5)
0 = w(1—9)9(1—59)’ (6)
o= 2 (7)
)= @-wws- 2 (®)

where 0 is the probability that a firm is not able to change its price in a given
period in the sticky-price model of Calvo (1983); ¢ is the elasticity of intertemporal
substitution; 7 is the elasticity of the representative household’s labor supply; w
is the share of imports in domestic consumption, i.e., the degree of openness; and
0 is the elasticity of substitution across domestic and foreign goods. Clearly, the
parameters k,a, 0 and 3 are always positive, and also v will be positive for typical
parameterizations, as (2 — w)w > (1 — w)w and § is typically larger than 671.

We also note that when w = 0 (so @ = v = 0) the model reduces to the standard
closed-economy model analyzed in detail by Clarida et al. (1999). Thus, although
our main interest is in the consequences of model uncertainty in an open economy,
we will also be able to derive results for the closed economy.

To model misspecification we follow Hansen and Sargent (2004), and introduce

4Gali and Monacelli (2004) and Clarida et al. (2002) eliminate the exchange rate from the
model using the UIP condition (4) with ¢ = 0, thus reaching a formulation of the open-economy
model that is isomorphic to the closed-economy model. We are particularly interested in model
uncertainty concerning the UIP condition, and therefore include the time-varying premium &f.
Therefore we cannot eliminate the exchange rate from the system.



in each equation a second type of disturbance, denoted v,f, which is controlled by
a fictitious “evil agent”, who represents the policymaker’s worst fears concerning

misspecification. Thus, the misspecified model is given by

Ty = ﬁEtﬂ'tJrl + KXy + ey + X, [Uf + gﬂ ) (9>
1 .. T ©

v = B — s [it — E¢meg1] — v [Ereryn — e + X, [Ut + 5t] ) (10)

€t = Et€t+1 — [Zt — Etﬂ-t+1] + Ze [Ute + 65] . (11)

The specification errors v} will be allowed to feed back from the state variables,
so although the errors enter the model as additive shocks, they may well disturb
the model in the same way as multiplicative parameter uncertainty (see Hansen
and Sargent, 2004).> The central bank will design policy for the worst possible
outcome of the model, where the evil agent chooses the amount of misspecification
v! optimally, given some constraints (to be specified below). This model will be
referred to as the worst-case model, and is the outcome that the central bank fears
the most and therefore wants policy to be robust against. The most likely outcome
of the model, on the other hand, is one where the central bank sets policy and agents
form expectations to reflect misspecification in the worst-case model, but there is
no such misspecification in practice (so all 'U{ are zero). We will refer to this model
as the approzimating model.

The amount of misspecification, measured by v/, is scaled by the parameter
¥;, which determines the volatility of the shock in equation j. Intuitively, the
specification error is disguised by the disturbance term 6{, so if the disturbance has
no variance, the specification error would be detected immediately. The larger is the
variance of the disturbance, the larger can the specification error be without being
detected.

3 Robust monetary policy

3.1 Setting up the control problem

The central bank is assumed to minimize a standard objective function which is
quadratic in deviations of inflation and the output gap from their zero target levels.

To design the robust policy, the central bank takes into account a certain degree

®Onatski and Williams (2003) stress that the Hansen-Sargent approach to robustness does not
capture all types of parameter uncertainty, and that the “robust” rules may be fragile to certain
sources of uncertainty that are not captured by the robust control approach.



of model misspecification by minimizing its objective function in the worst possible
model within a given set of plausible models. Depending on its preference for robust-
ness, the central bank allocates a budget 7; to the evil agent, which is used to create
misspecification in equation j. In contrast to Hansen and Sargent (2004) and Gior-
dani and Séderlind (2003), we will distinguish between different sources of model
misspecification, by allowing the evil agent to have different budget constraints for

the different controls. Thus the budget constraints are

EoS AW < (12)
t=0

EoS A < . (13)
t=0

EoS A < . (14)
t=0

In a standard control problem we would have 7; = 0 for all j, while the standard
robust control problem would have n; = n for all j. Here, in addition to analyzing
the general effects of misspecification, letting all n; be positive, we can also analyze
specification error in one equation at a time by setting one 7; > 0 and the other two
to zero.

Following Hansen and Sargent (2004) the robust monetary policy is obtained by

solving the minmax problem
min max Eq ) 3* [ﬂf + )\xﬂ (15)
U ()

subject to the misspecified model (9)—(11) and the evil agent’s budget constraints (12)—
(14). The central bank thus sets the interest rate to minimize the value of its in-
tertemporal loss function, while the evil agent sets its controls to maximize the
central bank’s loss, given the constraints on misspecification.

The Lagrangian for this problem is given by

B> 4 { 72 4 a2 — 0, (07 — Oy (07 — O (1)
t=0

™ ™ ™
— {7‘(} — BE s — Koy — aey — Xpv) — Ewst}

—py [xt — By + o ! (it — Bymign) (16)
+v (Ererr1 — e) — 07 — Eng]

_uf |:€t — Etet-i-l + it — Etﬂ-t-i-l — Zevf — 268:‘1 },



where 1] are Lagrange multipliers on the constraints (9)—(11) and 6; determine the
set of models available to the evil agent that the policymaker wants to be robust
against (i.e., the central bank’s preference for robustness). These parameters are
related to the evil agent’s budget n;: as n; — 0, §; — oo, and the degree of
misspecification approaches zero.

Throughout, we will focus on marginal amounts of model misspecification. For
sufficiently large amounts of misspecification, the evil agent will be able to overturn
any relationship in the model, so the approximating model (2)—(4) is not a good
description of reality. We therefore want to consider reasonable degrees of model
uncertainty that cannot be easily identified by the policymaker.® More specifically,
we will analyze the effects of small increases in the preference for robustness starting

from the non-robust policy, i.e., small decreases in 6; starting from 6; = oo.

3.2 Optimality conditions

We assume that neither the central bank nor the evil agent has access to any commit-
ment mechanism. Consequently, we take expectations as given in the optimization
and look for a discretionary equilibrium. From the first-order conditions we can
derive the following optimality conditions relating inflation, output and the degree

of misspecification to each other:

L B W G P
= —A’Tft, (17)
X
v = e—wt, (18)
hY
vf = 9—1 Az + k], (19)
e
Vo= g Az + k], (20)
where
K a
A= — 4 —M. 21
A + (v+o A (21)

5In numerical approaches to robust control, the amount of misspecification can be chosen such
that the policymaker cannot distinguish between the approximating model and the worst-case
model at reasonable statistical significance levels. See Hansen and Sargent (2004) and Giordani
and Soéderlind (2003).



Combining these equations we obtain

Yin
vy = 0—7?,5, (22)
- X, (23)
v = ———— 1
' (Y+o )0, "
ac 1Y
e — _— e . 24
Ut (”y—i—U*l)HeWt (24)

This immediately gives us our first set of results.

Proposition 1 (Optimal output—inflation trade-off)
The optimal output—inflation trade-off is not affected by the central bank’s preference

for robustness.

Proof See equation (17): the trade-off, measured by the coefficient A, is indepen-
dent of all 6;. O

Thus, the presence of model misspecification will not alter the central bank’s
optimal “targeting rule” in equation (17). However, as there is some misspecification
in each equation, the optimal (reduced form) interest rate rule for the central bank

will be affected by model uncertainty.

Proposition 2 (Misspecification and shocks)
Given the preference for robustness, the degree of misspecification in an equation

depends positively on the variance of the shock associated with the equation.
Proof See equations (22)-(24): given 6;, each v; is increasing in ;. O

Intuitively, the larger is the variance of a given shock, the more difficult it is for
the central bank to identify misspecification in that particular equation. Therefore

the central bank wants to guard against such specification errors.

Proposition 3 (Misspecification and inflation)
The degree of misspecification in all equations is larger when inflation is further

away from steady state.

Proof See equations (22)-(24): all v; increase (in absolute value) in m;. O

The central bank fears all shocks that have inflationary effects as these force

the central bank to reduce the output gap further to achieve the desired trade-off



between inflation and the output gap. The evil agent adds to such shocks through
misspecification in all equations. In the worst-case model, misspecification in the
Phillips curve will increase inflation further when inflation is already high. Misspeci-
fication in the output equation forces output down when inflation is high, increasing
the cost of counteracting an already high inflation rate. (See Walsh, 2004a, 2004b,
for similar results.) The final misspecification, in the exchange rate equation, induces
an exchange rate depreciation when inflation is high, leading to higher inflation and
larger costs of achieving the desired trade-off between inflation and output.

From equations (22)—(24) we see that the Phillips curve is subject to misspecifi-
cation in most parameterizations of the model. As long as >, > 0 and the budget
is non-zero (0, < 00), the evil agent will allocate misspecification to this equation.
Indeed, in the closed-economy version of the model (when o = v = 0), the central

bank will only fear misspecification in the inflation equation:

Proposition 4 (Misspecification in the closed economy)
In the closed-economy model, the policymaker only fears misspecification in the

Phillips curve.
Proof Setting a = v = 0 in equations (22)—(24) gives v =vf =0. O

In the closed economy, the policymaker is able to counteract any specification
errors in the output equation by an appropriate adjustment of the interest rate. As
interest rate movements do not influence central bank loss independently, the central
bank does not fear such specification errors.

In the open economy, however, the central bank cannot directly offset output
shocks by changing the interest rate, as this would affect the exchange rate and
therefore inflation (see Walsh, 1999). Thus, the existence of an exchange rate channel
makes the output equation more prone to misspecification, and the policymaker
will fear that output is low when inflation is high. This would make the central
bank lower the interest rate, leading to an exchange rate depreciation that increases
inflation even further.

The stronger is the effect of the interest rate on output (the smaller is o), the
more prone is the exchange rate equation to misspecification. When inflation is
positive, the central bank fears that a real exchange rate depreciation will further
increase inflation. In order to curb the effects on inflation, the interest rate would
need to be increased, which would reduce output. This is particularly costly for the

policymaker if the interest rate has a strong effect on output.

10



These effects of output and exchange rate misspecification are stronger when
the exchange rate has a strong effect on inflation (so « is large). The central bank
therefore fears such specification errors more when « is large. On the other hand,
if the exchange rate has a sufficiently strong impact on output (so v is large), the
central bank will fear less misspecification of the output or exchange rate equations.
The reason is that the exchange rate depreciation (caused by higher inflation) would
offset some of the negative impact of higher interest rates on output. As-y approaches
infinity, only misspecification in the inflation equation has consequences for central

bank loss.

3.3 Solving the model

As there is no persistence in the model, the only state variables are the three shocks,
er,ef and 7. We will thus look for a solution for the endogenous variables 7y, 2, e;,
the central bank’s control i;, and the evil agent’s controls vy, vy, vy in terms of the

three shocks. The solution of the worst-case model will be of the form

I Ar QA Qe €7
Tt = bﬂ' bz be Etz ) (25)
e Cr Cy Ce [

vy Ar Ay G ey
vy | = 1| by by O A I (26)
vy Cr Cp Ceo Lo

and the policy rule will be
iy = dref + dyey + degy. (27)

Finally, the approximating model, where policy is conducted according to (27), but

there is no misspecification (so all vl are zero), will be given by

P s

Tt Qp Qp QG o
Tt = ™ bz be Etm . (28)
e Cr Cy Ce [

To find these solutions, we begin by looking for the worst-case solution for

T, Te, e, in (25) and the worst possible degree of misspecification in (26). Here

11



we note that equation (17) and (22)—(24) imply that

bj = —Aa]‘, (29)

R Yin

a]‘ = —9 aj, (30)

- ax

b, = —— 7% . 31

j CET. = (31)
ac 1Y

A o= _ Te .. 32

CJ (/f‘|‘0_1)9ea]’ ( )

so we need only to solve for the coefficients a;, ¢;, d;. Second, we will find the optimal
policy rule (27). Third, we will find the solution for the approximating model (28)
by using the optimal policy rule in the original model given by (2)—(4).

Note that we allow the evil agent only to respond to the same variables as the
policymaker. This differs from the setup of Hansen and Sargent (2004) and Giordani
and Soderlind (2003), where the evil agent is allowed to respond also to lagged state
variables, thus introducing persistence in the shocks. In our setup, the evil agent
is not allowed to introduce serial correlation in the shocks, as there is no such
persistence from the outset. This assumption is mainly for tractability, but is also
consistent with the assumption in both approaches that the evil agent is not allowed
to introduce additional state variables to increase the degree of serial correlation in

the endogenous variables.

3.3.1 The worst-case model

First, to find an expression for the interest rate, solve the output equation (10) for
the interest rate i; and substitute for z; and v} using the optimal trade-off in (17)

and the worst possible output misspecification in (23), yielding

Z.t = (]_ — UA) Etﬂ-t-f—l + UB7Tt — O"YEtAet+1 + O'Eng, (33)
where
B = A L (34)
N (v+o 8 "

where we use the notation z >4 0 to denote that the coefficient z is positive when
the degree for robustness approaches zero, i.e., limy_,, 2 > 0, and vice versa for
z <p 0. Equation (33) is not a true reaction function due to the presence of non-
predetermined variables (i.e., m; and e;) on the right-hand side, but is an optimal

implicit instrument rule, using the terminology of Giannoni and Woodford (2003),

12



although obtained under discretion rather than under commitment from a timeless
perspective. In the closed-economy case, this rule is independent of the preference
for robustness, similar to the results in Walsh (2004a,b). However, in the open
economy this is no longer true, as the central bank also fears misspecification in
the output equation. However, to derive the true policy reaction function we must
therefore first solve for the forward-looking variables as functions of the underlying
shocks.

Using the policy trade-off from (17) and the evil agent’s control v from (22) in

the Phillips curve (9), we obtain
22
Ty = ﬁEtﬂ-tJrl — HAﬂ't + aes + e—ﬂ-’ﬂ't —+ ZWE?, (35)

™

and collecting terms we get

Cﬂ't = ﬁEtﬂ-tJrl + e + ZWE?, (36)
where
22
C = 1+/1A—9—”>90. (37)

Likewise, using the interest rate from (33) and the expression for vy from (24) in
the UIP condition (11) yields

(1+o0y)e, = (14 0v)Eie1 + 0AEm 1 — Dy — 03,67 + Yeel, (38)
where
ac %2
D = O'B—m>go. (39)

Note that B is decreasing in output uncertainty (increasing in 6,), C'is decreasing
in inflation uncertainty, and D is decreasing in both output and exchange rate
uncertainty.

To find the reduced form for inflation and the exchange rate, first write equa-
tions (36) and (38) as

T = o Emg + aser + asey, (40)

e = Eiepr + aEimy + comy + c3ef + cued, (41)

13



where

a = g, ay = %, as = Fﬂ’ (42)

a = g i/(lf*y’ =1 fafy’ = — 112(:7, 1= g feafy’ (43)
and we seek a solution of the form

T = Q& + az€; + acgy, (44)

€ = CrEf + CuEY + Cegy, (45)

where the coeflicients remain to be determined.
Noting that E;m1 = Ee;1 = 0 and combining (40)—(41) with (44)—(45) we can

solve for the reduced-form coefficients as

(1+07)%s
. = >4 0, 46
a z 0 (46)
oY,
xX = - 07 47
a E <p ( )
ax
. = £ >0, 48
a 7 (48)
= D <0 (49)
Cr = B oY,
oC¥,
. = — <4 0, 50
c T < (50)
cx.
e == 07 51
C i3 >0 ( )

E = (1-ax)(l+o0y)C
= (14+07)C+aD >40, (52)

and FE is decreasing in all three types of uncertainty. See Appendix B for details.

Thus, for a small degree of uncertainty, inflation in the worst-case model is
positively related to the inflation and exchange rate disturbances, but negatively
related to the output disturbance. For the output gap, the coefficients are of the
opposite sign (see equation (17)), so output is negatively related to the inflation and
exchange rate disturbances, but positively related to the output disturbance. The
exchange rate is positively related to the exchange rate disturbance, but negatively
related to the inflation and output disturbances.

Equations (22)—(24) then imply that the worst possible degree of misspecifica-

14



tion in the inflation and exchange rate equations is positively related to inflation
and exchange rate disturbances, but negatively related to the output disturbance,
while misspecification in the output equation is negatively related to inflation and

exchange rate disturbances, but positively related to the output disturbance.

3.3.2 The policy rule

Using the solution for inflation and the exchange rate in the interest rate equa-

tion (33), the reduced-form solution for the interest rate is

iy = oBm 4 oye + oXEf

= dxef +dygf + degy, (53)
where
dr = o[Baz+ ¢ >4 0, (54)
d, = o[Ba;+ 7y, + 3] >0, (55)
d. = o[Ba.+ vce] >4 0. (56)

Thus, for small amounts of uncertainty, monetary policy responds positively to
each disturbance: positive realizations of the inflation, output or exchange rate
disturbances all make the central bank raise the interest rate. Again, see Appendix B
for details.

The result that monetary policy is tightened after positive inflation or output
disturbances is well-known from the closed-economy version of the model, see, e.g.,
Clarida et al. (1999). Here, policy is tightened also after a positive exchange rate
disturbance: An exchange rate depreciation tends to increase domestic inflation,
so by tightening policy, the central bank induces an immediate appreciation and an

expected depreciation of the exchange rate, which reduces both inflation and output.

3.3.3 The approximating model

The solution for the worst-case model derived so far is the reduced form under
the worst possible case of misspecification, so the evil agent uses its controls as
efficiently as possible, and the policy rule and private agents’ expectations reflect
this misspecification. However, this is also a very unlikely model. We therefore
follow Hansen and Sargent (2004) to find the most likely, or “approximating” model,

where the policy rule and agents’ expectations reflect the central bank’s preference
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for robustness, but the actual misspecification is zero.

As in the worst-case model, expectations are zero. Thus we find the approxi-
mating model by using the optimal robust interest rate rule from equation (53) in
the original model (2)—(4).” This yields

Ty = KT+ aep + Xqey, (57)
T = —0 i+ e + Xyey, (58)
e = —ip+ ey, (59)

and the solution is

Tt = Gp€; + Q€7 + QeEy, (60)
v, = brel + bl + bt (61)
er = CrE; + CyEf + Cey, (62)
where
Gr = Sp—|atr(y+o")dn >0, (63)
y; = KXp — [oz + k(v + 0_1)} d, <¢ 0, (64)
a. = (a+ky)X. — [a + k(v + 0_1)} d. >4 0, (65)
by = —(y+o Ndr <40, (66)
by = S, —(y+o Y)d, >0, (67)
be = Y. — (y+0 Nd. <40, (68)
Cr = —dp <g0, (69)
Cy = —dy <0, (70)
Ce = 2e—d,>0. (71)

Again see Appendix B for details.

Thus, in this most likely outcome of the model, a positive realization of the
inflation shock makes the central bank tighten policy to counteract the inflationary
impulse. This reduces the output gap and makes the real exchange rate appreciate.
After a positive output shock, the central bank also tightens policy, leading to a
real appreciation. In a closed economy, the central bank could offset all effects of

the output shock on inflation, but here the real appreciation reduces inflation, so

7 As policy is optimal only for the misspecified model, we can no longer use the optimal output—
inflation trade-off (17) to determine the output gap.
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inflation and the exchange rate are negatively related to the output shock. Finally,
a positive exchange rate shock tends to increase inflation, so again the central bank
tightens policy to offset these effects. This reduces the output gap, but the net effect

on inflation is still positive.

3.4 The closed-economy solution

As an interesting special case, we can find the reduced-form solution for the closed-
economy version of our model by setting a = v = 0. In this case the solution of the

worst-case model is

T = %6?, (72)

W= "2, (73

o= e (74
where

E = 1+“—2—2—3ﬂ (75)

The optimal policy rule is

KOy
iy = —c; + 02y, 76
P = T 0T (76)

and the solution for the approximating model is given by

K2Y, i
Ty = [1— )\EA“|271—5t, (77)
K2,
Ty = ——c¢r. 78
= - (73)

As shown in Proposition 4, the closed-economy solution is affected only by mis-
specification in the Phillips curve (), as the central bank directly offsets any mis-
specification in the output gap equation. We can then immediately evaluate the

effects of increased uncertainty on inflation, output and monetary policy.

Proposition 5 (Worst-case closed-economy model)
In the worst-case closed-economy model, an increased preference for robustness makes

the central bank fear that inflation and output are more volatile.

Proof As uncertainty about the Phillips curve increases (so 6, falls), E falls,
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which increases the response of inflation and output to the inflation disturbance in
equation (72) and (73). O

As the central bank wants to be robust against a larger set of models, its worst-
case scenario has more noise in the Phillips curve, thus increasing the volatility of
inflation. This will force the central bank to induce more volatility also in output,
which further increases central bank loss.

This also implies the following:

Proposition 6 (Monetary policy in the closed economy)
In the closed-economy model, an increased preference for robustness makes monetary

policy more aggressive.

Proof As 6, is reduced and F falls, the policy response to the inflation disturbance

in equation (76) increases. O

As inflation responds more strongly to its own disturbance, the central bank
will have to respond more aggressively in order to control inflation. This result is
reminiscent of that in Séderstrom (2002). Using a Bayesian approach in a backward-
looking model, he shows that increased uncertainty about the persistence of inflation
makes monetary policy more aggressive, as the central bank wants to reduce the
probability that inflation moves away from the target in the future. Here there is
no persistence in inflation, so current inflation has no information about its future
path. But as the robust central bank fears that inflation is more responsive to
shocks, the central bank responds more aggressively to the inflation shock. Output
disturbances, on the other hand, are perfectly offset.

This more aggressive policy behavior implies that inflation is more insulated from

the disturbance, while output becomes more volatile:

Proposition 7 (Approximating closed-economy model)
In the approximating closed-economy model, an increased preference for robustness

makes inflation less variable and output more variable.

Proof As uncertainty increases and E falls, the coefficient in the inflation equa-
tion (77) becomes smaller, while that in the output equation (78) becomes larger.
O

In the closed-economy model, policy responds more aggressively to inflation

shocks when the central bank’s preference for robustness increases. This policy
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response dampens the effects of the shock on inflation, but at the cost of more
output volatility.

Similar results are obtained by Giordani and Soéderlind (2003), who analyze op-
timal robust policy in the standard New-Keynesian model with persistence in the
shocks. Using numerical methods they show that robustness makes the central bank
fear that shocks are more persistent, and therefore the optimal robust policy is more
aggressive than the non-robust policy. Although our model does not include persis-
tence, we are able to show that robustness always leads to more aggressive policy,

in any parameterization of the model.

4 The effects of model uncertainty in the open economy

We now turn to the main focus of our analysis: the effects of model misspecification
on optimal monetary policy and the behavior of the economy in our open-economy
model. We will thus analyze the effects on the model solution of an increase in the
preference for robustness, i.e., a decrease in each 6;. For instance, for the coefficient
of inflation on the inflation shock, we will evaluate the derivative
0lax|
a0, ’

j=m, x e, (79)

that is, the marginal effects on the absolute value of the coefficient of a decrease in
each 0;.

First, we will see whether inflation, output and the exchange rate in the worst-
case model are more or less sensitive to shocks under model uncertainty. Second,
we will analyze the consequences for the optimal policy behavior, and see whether
monetary policy is more or less aggressive under model uncertainty. Finally, we will
demonstrate how an increased preference for robustness affects the macroeconomy
in the approximating model. Some short proofs are presented here, while more

extensive proofs are relegated to Appendix C.

4.1 The worst-case model of inflation and output

We begin by analyzing the effects of increased model uncertainty (i.e., an increased

preference for robustness) on the worst-case model of inflation and output.

Proposition 8 (Worst-case inflation and output)
In the worst-case model, an increased preference for robustness against misspecifi-

cation in any equation increases the response of inflation and output to all shocks.
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Proof As shown above, the reduced-form coefficients for inflation in the worst-case
model are given by
(1+07)2: oaX, aX,

e — Ap = — aezf,

aﬂ' E ) X E ’

(80)

and the output coefficients are given by b; = —Aa; for all j. Thus, all coefficients
depend negatively (in absolute value) on E, and the effects of increased robustness
(a decrease in any 6;) on the absolute value of all coefficients have the opposite sign

relative to the effects on the coefficient E. These effects are given by

oE _(1+07)E72T' _8E L ooyt _8_E L alo1y? (81)
00, 62 00, (v+oHe2' 00, (y+oH)e

which are all negative. Therefore, the inflation and output coefficients all increase

in absolute value when uncertainty about any equation increases (any 6; falls). O

Thus, with an increased preference for robustness, the central bank fears that
inflation and output are more sensitive to shocks, and therefore more volatile. As
we do not allow for shock persistence, the central bank fears only that shocks have

larger effect on inflation and output.

4.2 The exchange rate and monetary policy

The effects of model uncertainty on the exchange rate in the worst-case model are
intimately related to the effects on monetary policy. We therefore discuss these in
parallel.

First, as uncertainty about the Phillips curve increases, the central bank will
fear that inflation is more responsive to shocks. Therefore, after a positive shock
to inflation, the central bank will tighten policy more, leading to a larger exchange
rate appreciation in the worst-case model. After a positive exchange rate shock,
again the central bank fears that the effects on inflation will be larger, and tightens
policy more, leading to a smaller depreciation of the exchange rate. After a positive
demand shock, the central bank fears that its policy response will lead to a larger
fall in inflation. Therefore, the central bank tightens policy less than if there were no
inflation uncertainty, leading to a smaller exchange rate appreciation in the worst-
case model.

If the central bank is more uncertain about the determination of output, it fears
that shocks have a larger effect on the output gap. A positive inflation shock then

leads it to tighten policy less, implying a smaller exchange rate appreciation. After
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a positive output shock the central bank fears that output will increase further,
so the interest rate is increased more, and the exchange rate depreciates by more
than when there is no output uncertainty. A positive exchange rate shock leads the
central bank to tighten policy to reduce the output gap and inflation and offset the
exchange rate depreciation. If output is more uncertain, however, the central bank
will tighten policy less, leading to a larger depreciation in the worst-case model.

Finally, if the central bank worries about misspecification in the exchange rate
equation, it fears that the exchange rate is very sensitive to shocks. Therefore,
after a positive inflation or exchange rate shock, it will tighten policy more. In the
worst-case model, this leads to a smaller exchange rate appreciation after an inflation
shock and a larger depreciation after an exchange rate shock. After a positive output
shock, on the other hand, the central bank will not tighten policy as much to avoid
large effects on the exchange rate. In the worst-case model, the net effect is a larger
exchange rate appreciation.

These results can be summarized as follows.

Proposition 9 (Worst-case exchange rate under inflation uncertainty)
In the worst-case model, a larger preference for robustness against inflation uncer-
tainty makes the exchange rate more sensitive to inflation shocks, but less sensitive

to output and exchange rate shocks.

Proof See Appendix C.1.

Proposition 10 (Worst-case exchange rate under output/exchange rate
uncertainty)

In the worst-case model, a larger preference for robustness against output or ex-
change rate uncertainty makes the exchange rate more sensitive to output and ex-

change rate shocks, but less sensitive to inflation shocks.

Proof See Appendix C.1.

Proposition 11 (Monetary policy under inflation/exchange rate uncer-
tainty)

A larger preference for robustness against inflation or exchange rate uncertainty
makes monetary policy respond more aggressively to inflation and exchange rate

shocks, but less aggressively to output shocks.

Proof See Appendix C.2.
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Proposition 12 (Monetary policy under output uncertainty)
A larger preference for robustness against output uncertainty makes monetary policy
respond more aggressively to output shocks, but less aggressively to inflation and

exchange rate shocks.

Proof See Appendix C.2.

In general, we see that there is an ambiguous effect of increased uncertainty (an
increased preference for robustness) on the optimal monetary policy rule. Depend-
ing on the type of shock or the source of uncertainty, an increased preference for

robustness can make policy more or less aggressive in response to shocks.

4.3 The approximating model

Finally, we analyze the effects on the most likely development of the macroeconomy
when there is an increase in the central bank’s preference for robustness. Note that
the conclusions regarding monetary policy in Propositions 11 and 12 hold also in

the approximating model.

Proposition 13 (Approximating inflation and output model)
In the approximating model, an increased preference for robustness against inflation
or exchange rate uncertainty makes inflation less sensitive and output more sensitive

to all shocks, but increased robustness against output uncertainty has the opposite

effect.

Proof The inflation coefficients on the inflation and exchange rate shocks are both
positive, so increased robustness has opposite effects on these coefficients relative
to the coefficients in the policy rule, see equations (63) and (65). The inflation
coefficient on the output shock is negative, so the effects on this coefficient are of
the same sign as on the coefficient in the policy rule, see equation (64). The effects
on the output coefficients will always be of the opposite sign relative to the inflation

coefficients, see equations (66)— (68) O

Proposition 14 (Approximating exchange rate model)

In the approximating model, increased robustness against inflation or exchange rate
uncertainty makes the exchange rate more sensitive to inflation shocks, but less
sensitive to output and exchange rate shocks. Increased robustness against output
uncertainty makes the exchange rate more sensitive to output and the exchange rate

shocks but less sensitive to inflation shocks.
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Proof The effects on the exchange rate coefficients on the inflation and output
shocks will be of the same sign as on the inflation and output coefficients in the policy
rule, see equations (69) and (70). The effects on the coefficients on the exchange
rate shock will be of the opposite sign relative to the exchange rate coefficient in the

policy rule, see equation (71). O

4.4 Summary

Table 1 summarizes the effects of increased model uncertainty (an increased prefer-
ence for robustness) on the reduced-form coefficients. The third column shows the
sign of each coefficient, and the next three columns show the effects of an increase in
model uncertainty (so a decrease in the 6’s) on the absolute values of the reduced-
form coefficients. Thus, a positive sign implies that the variable in question is more
sensitive to that particular shock when uncertainty increases, and vice versa.

We see that robustness against exchange rate uncertainty has qualitatively very
similar effects as robustness against inflation uncertainty. The only exception re-
gards the effects on the exchange rate in the worst-case model. On the other hand,
robustness against output uncertainty always has the opposite effects on policy and
the approximating model relative to inflation and exchange rate uncertainty:.

From Table 1 it is again clear that the effects of model uncertainty on monetary
policy are ambiguous: A robust policymaker may respond more or less aggressively
to shocks than a non-robust policymaker, depending on both the shock and the

source of uncertainty.

5 Concluding remarks

Using a simple model of a small open economy we have analyzed how optimal
monetary policy and the behavior of the economy are affected by the central bank’s
wish to be robust against model misspecification. Our simple model enables us to
solve analytically for the optimal robust policy, as well as the central bank’s worst-
case model and the most likely approximating model. Our framework also allows us
to analyze cases when the policymaker is more confident about some equations in
the model than others. It thus restricts the evil agent to introduce misspecification
where it will hurt the most, but forces it to consider misspecification in equations
that are perceived to be particularly uncertain.

Our analysis of the open-economy model shows that an increase in the central
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Table 1: Effects of increased uncertainty on reduced-form coefficients

Equation Coefficient on Sign Source of uncertainty
Inflation Output Exchange rate
(6) (6.) (0.)
Worst-case model
Inflation () Inflation (ar) + + + +
Output (ay) - + + +
Exchange rate (a.) + + + +
Output () Inflation (by) - + + +
Output (by) + + + +
Exchange rate (b.) - + + +
Exchange rate (e;) Inflation (¢r) - + — —
Output (¢z) - — + +
Exchange rate (c.) + - + +
Policy rule

Interest rate (i) Inflation (d,) + + — +
Output (d) + - + -
Exchange rate (d.) + + - +

Approzimating model
Inflation () Inflation (ar) + — +
Output (Gz) - - + -
Exchange rate (a.) + - +

Output () Inflation (b,) -

+ +
Output (bz) + + — —+
Exchange rate (b.) - + +

Exchange rate (e;) Inflation (&) - + - +
Output (¢;) - - + _
Exchange rate (&) + — 4 _

For each coefficient in the reduced-form model, Column 3 shows the sign of the coefficient, and
Columns 4-6 show the effects of an increased central bank preference for robustness on the absolute
value of the coefficient. Thus, +/— implies that model uncertainty makes the variable in question
more/less sensitive to that particular shock.
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bank’s preference for robustness has ambiguous effects on the optimal policy behav-
ior, depending not only on the shock to which the central bank responds, but also
on what part of the model the central bank perceives as most uncertain. Although
our model is highly stylized, we believe this ambiguity to carry over also to more
elaborate models. In numerical applications the effects of increased uncertainty will
therefore depend crucially on the calibration of the parameters that determine the
central bank’s relative faith in the different model equations.

In the closed-economy version of our model, we show that optimal robust policy
is always more aggressive than the non-robust policy, confirming the results of pre-
vious research. However, although our model is more restrictive than models that
include persistent shocks, our analytical approach shows that this result holds in
any parameterization of the model, and not only in typical parameterizations.

Key parameters in our approach are the different preferences for robustness re-
lating to the different equations in the model. We envision that future research can
use Bayesian techniques in distributing the budgets of misspecification among the
model equations based on the probability that each equation is a good representa-
tion of human behaviour. This would be a step towards integrating Bayesian and

Knightian uncertainty into a single unifying analysis of model uncertainty.
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A Model appendix

This Appendix briefly derives our open-economy model from microfoundations. For
more details, see Gali and Monacelli (2004), Clarida et al. (2002), or Walsh (2003,
Ch. 6.5), who provides a textbook treatment. We deviate from these authors
by introducing a time-varying premium on foreign exchange, in order to analyze

uncertainty about exchange rate determination.

A.1 Domestic households

Households in the home country consume a CES composite of domestic goods (C¢)

and imported foreign goods (C}"), defined as

5/(5-1

G = [(1 = w)Mo(CHEI/ 4 W3 ya-Di] (A1)
where w is the share of foreign goods in consumption and § is the elasticity of
substitution across domestic and foreign goods. Households obtain utility from

consumption and disutility from supplying labor (N;) according to

Ctl —0 Nt1+77
1—6 1+7

U(Cy, Ny) = (A2)

where ¢ is the elasticity of intertemporal substitution and 7 is the elasticity of labor
supply.

The household chooses paths of consumption, labor supply, and holdings of one-
period domestic bonds, which pay the nominal interest rate ¢, and foreign bonds,
which pay the risk-adjusted interest rate exp((bt)i{ , where ¢; is a time-varying pre-
mium on foreign bond holdings. Intertemporal optimization then gives the log-

linearized consumption Euler condition

1, )
= EtCtJrl — g [Zt — Et’ﬂ'tJrl} s (A3)

where 3 is the household’s discount factor and 7y is the consumer price inflation

rate, defined as 7y = p§ — pf_,, where the CPI is given by
pi = (1 —w)pe + wp}", (A4)

where p; and pj* are the price levels for domestic and imported goods.
Optimal allocation across domestic and foreign bond holdings gives the uncovered

interest parity (UIP) condition

1y = ’l{ + EAsip1 + ¢y, (A5)
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where s, is the nominal exchange rate, and ¢, is the premium on foreign exchange.

The optimal labor-leisure choice implies that
nne + oy = wy — py. (A6)

where w; is the nominal wage. Finally, relative demand for domestic and imported

goods satisfies
cf =" =~ [p; — "] (A7)
We define the real exchange rate in terms of the domestic price level as
er = si+pl — pr, (A8)

which, assuming that the law of one price holds, is equal to the terms of trade

pi* — pt. Then we can express the UIP condition (A5) in real terms as
i — Bymyyy = i — Byl 4 BlAepy + ¢y (A9)
We can then also write the CPI in (A4) as
P = pr +wey, (A10)
the CPI inflation rate as
Ty = + wley, (A11)
and the labor supply condition in (A6) as
NNy + ¢ = wy — pp — wey. (A12)
Log-linearizing the consumption index (A1), we get
e =(1—w)c +wd, (A13)
and combining with (A7) and (AS8) to eliminate ¢* gives

o = c—wie,. (A14)
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A.2 Domestic firms

Domestic firms act under monopolistic competition and produce a differentiated

good using only labor inputs according to the production function
Y, = exp(a) Ny, (A15)

where a; is a productivity disturbance.

Firms face a constant elasticity demand curve for its output, and also face sticky
prices, following Calvo (1983), so in each period there is a fixed probability 1 — 6
that the firm will be able to change its price. When prices can be adjusted, firms
maximize the expected discounted value of profits. This implies that inflation in the

domestic sector follows the New-Keynesian Phillips curve

T = BEimiiq + Ry, (A16)
where K = (1 — 0)(1 — $60)/60 and v, is real marginal cost, given by

v =Wy — P — ay, (A17)

and where w; — p; is the real product wage, which is deflated by the domestic price

level.

A.3 The foreign country
Foreign demand for domestic goods is given by

& =yl + de, (A18)
where y{ is foreign income (or output), which satisfies the Euler condition

1.
yz{ = Ety{Jrl - g [Z{ - Etﬂgzrl} . (A19)

A.4 Equilibrium

Equilibrium requires that production equal consumption, so the production of do-

mestic goods satisfies

T (1—w)c§l+wcff

= (1—w)e+ (2 —w)wde + wyl (A20)

using (A14) and (A18), and combining with the consumption Euler equation (A3)

we obtain

l-wr. .
Yy = Etyt-i—l — 5 |:’lt — Etﬂ-t+1:| — (2 — W)W6EtA€t+1 — WEtAytf+1' (A21)
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Denoting by z the flexible-price level of the variable z, the flexible-price equilib-

rium is characterized by the goods market equilibrium condition

Yt = Ct, (A22)
the labor market equilibrium condition

a; = (6 + )y — nay + wey, (A23)

where we have combined equations (A12), (A17), the log-linearized production func-
tion y; = a; +ny, and (A22). Assuming that the foreign exchange premium is zero in
the flexible-price equilibrium, the real UIP condition (A9), the Euler equation (A21),
and the foreign Euler equation (A19) imply that the real interest rate satisfies

’it - Etﬂ-t+1 = th - Et’ﬂ'if_’_l + EtAétJrl (A24)

o 2 — w)wdo w
= EiAi1 — QEtAetH —
1—w 1—w 1—w

{’l{ - Etﬁtf—i—l} .

Assuming that all disturbances are white noise, all expectations of future vari-

ables are zero, so (A24) gives
e =V {gt - yﬂ ; (A25)

where

~

g

v
1—w+(2—wwdc’

(A26)

and the labor-market equilibrium condition (A23) then implies that

1

Yt =

A.5 The final steps

Combining the expression for marginal cost in (A17), the labor supply condition (A12),

and using ¢; = y; = a; + ny; we can express real marginal cost as

vy = mng+oc +wer — ay

= (6 +n)ys — nay + we, — ay, (A28)
and in the flexible-price equilibrium, the marginal product of labor satisfies

a; = (0 + )y — nay + wey, (A29)
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SO

v =(0+nz+wle — &, (A30)
where x; is the output gap, defined as

e =Yt — Ui (A31)

and where the flexible-price level of the real exchange rate is, combining (A25)
and (A27)

_— a4 — |V — . A32
&+77+w\11at +&+77+w\11 vi ( )

This implies that we can write the Phillips curve (A16) as
Ty = BEtﬂ-t-i-l + /%(OA' + n)l't + /%u)et — /%u}ét, (A33)

and the Euler equation (A21) can be written as

Il -wr. .
v = B — Y {zt — Emtﬂ} — (2 — w)wdEAeyiq

+ EAyg — WEtAy{-f—l

1—w..

it — Eymq] — [(2 — w)wd — M

= By — EiAerq
+ EtAgl‘rFl — CL)EtAy{+1. (A34)

Finally, setting all foreign variables to zero, equations (A33), (A34) and (A9)

give a complete description of the small open economy:

Ty = ﬁEtﬂ-tJrl + KT + aep + Eﬂ&"?, (A35)
1
Ty = Etxt+1 — g [Zt — Etﬂ'tJrl] - [Et€t+1 — €t] -+ Ez{;‘tz’ (A36)
et = Et€t+1 — [Zt — Etﬂ'tJrl] -+ 26657 (A37)
where
0 1-0)(1—
= a+n) 09)( 59) (A38)
1—-0)(1—p6
o = W=00-p9) (A39)
0
o
= A4
7 1—w’ (A40)
w(l—w)

Al (Ad1)
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e
€t

(1-=0)(1—p60)(1+n)wv

(6 +n+wh)hn,

1
—E, [TGeq — 7
SN t [yt-i-l yt]

1+n

(6+n+w)X,
1
2_e¢t-

(2]

[Etat—‘,—l - at] )
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B The reduced form

B.1 The worst-case model

To find the reduced from for inflation and the exchange rate in the worst-case model,

first write equations (36) and (38) as

Ty = alEth “+ age; + a3€?, (Bl)
ee = Eiepp + B + com + csgy + ey, (B2)
where
a = g, (B3)
o
Ay = 6, (B4)
by
= B5
A
0 = —= (B6)
14+ o0y
D
= _ B7
“ 1+ ny’ ( )
by
o = -2 (B8)
1+ o0y
by
C4 = —, (B9)
14+ o0y

and we seek a solution of the form

T = aﬁ? + axgtx +a65§a (BlO)

et = Cn€f + CiE7 + CeEf, (B11)

where the a;, ¢; coefficients remain to be determined.
Noting that E;m1 = Eerp1 = 0 and combining (B1)—(B2) with (B10)-(B11) we

obtain

AnE} + a7 + acef = ag[cre] + coef + cegf] + asey, (B12)

CaE] + CoEf + CeEf = Co|anE] + azEY + acgy] + caef + casy. (B13)
Thus, the coefficients satisfy

ax = aoC; + as, (B14)
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a2Cy,
a2Ce,
Colr,
CoQy + C3,

Cole + Cq,

and the solution of this system is

Qr

Cr

&

Qe

A2C2G, + a3

as
1-— G,QCQ’
a3C2
1— 0/262,
CoQoCy + C3
C3
1-— G,QCQ,
a2C3
1-— G,QCQ’
CoG2Ce 1 Cy
Cy
1— 0/262,
a2Cy
1-— a9Cy ’

Thus, the reduced-form coefficients are

where

Qr

Gy

Qe

Cr

Cx

Ce

1 Yin
as  _ (1+07) = 0.
1-— a9Cy E
aoCs oY,
= - <p 0,
1-— a9Cy FE o
AoCy i,
= >4 0,
1-— a9Cy FE o
a3Co DZW
= - < 0,
1-— a9Cy E o
c3 oC¥,
= - <5 0,
1-— a9Cy E o
Cy . C’Ee <. 0
1-— a9Cy N E o

(1 —asce)(1+o07)C
(14 0v)C +aD >4 0.
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We also note that

Qg

Qe

Cr

Ce

oY,
(1+07)2,
e
(1+07)2, i

aﬂ')

CY,
— .
(1+07v)2,

B.2 The policy rule

(B33)
(B34)

(B35)

(B36)

(B37)

Using the interest rate equation (33), the reduced form for the interest rate is

it

where

™

dy

e

Using (B33)—(B37), we obtain

dr

oBm + ove, + 0¥ ey,
0B laxef + azey + acei] + 07y [Cael + cuEf + cecl] + 0Xue],

drey + dyef + degj,

o|Bay + ver,

o|[Ba; + ye, + X4,

o [Bae + ¢ .

o [Bar + vcr

O’[B— 7D 1%
1+ oy

F?TaT( >0 Oa

o [Bay, + v, + X,

g

anﬂ + O'Ez >0,

C
B+7—} Ay + 02,
«
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d. = o[Ba.+ ¢
= 0 {B + ﬁ} Qe
e

- Feaﬂ >0,

where

D
FWEJ[B— v ]

1+ovy

= 0[(1— 7 >B+
14+ o0y

14+ o7y 1+ oy

—O'|:B+ﬁ

= —[aB+7C]

{B+ ﬁ} ( o2

5
= [aB+1C] —

by
= ——F,>40.
DI o

To verify that d, >4 0 even if F, <4 0, note that

i = o[(B+2 )0+

= [Z — (aB+~C)

B ya¥. 07!

(1+07v)2,

p

o yax.0,!

14+ o0y

>0 07

oo,

} (1+0v)%,
oY,

(1+07v)2,

1+o07)E,

.

Yy
= o[F—oaB—o0vC]| L

and

E—oaB —oyC

<y 0,

= (1+0y)C+aD —ocaB —oyC

= C+a(D—-o0B)
= (C-— a_lonEe@e_l > 0,

using (39) and (52).
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B.3 The approximating model

To find the solution for the approximating model, use the policy rule (B38)—(B41)

in the equations for inflation, output and the exchange rate, setting all expectations

to zero:®
iy = dﬁ? + dmgf + degfv (B50)
T = KX+ e+ Xrey, (B51)
Ty = —0 i+ yey + Xeet, (B52)
€t = —’it —+ 2665. (B53)
The solution is
T = Gn&; + Qz€f + Qe (B54)
Ty = BW&:? + Eng + Begfv (B55)
€ = Cref + Cuef + Cegy, (B56)
where
Cr = —dy <40, (B57)
Cy = —dm <y 0, (B58)
Ce = Ze - de
o
= X.— |aB C =
@B +1C] —
Ye
= [E—aocB —ov(C] & 0, (B59)
BT( = YCr — U_ldﬂ
Y
= —(y+07") [0B+ay5.0,"| = <60, (B60)
by = Y,+7E —o 'd,
Yy
= Y, —o(y+o H[E—-acB - oyC)| =
-1 -1 2 1) Ze
= {(1+a’y)C+aD—a(’y+a )[C—a &Ze@e”f
P
- [ozD + (v + 0_1)a2§]e@e_1} & 0 0, (B61)
be = vé —o 'd,
8Note that in the approximating model, the optimal inflation-output tradeoff z; = —Am; does

not hold, since policy is not optimal for this model.
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C The effects of uncertainty

This Appendix provides some proofs of the propositions in Section 4.

First, we define
@71 — Zj

= T 5,
BRNCET)

for j = m,z, e, and we note that limp, . @]-_1 =0.

C.1 Proofs of Propositions 9 and 10
Preliminaries

Note first that the exchange rate coefficients are given by

Cr = ——a, <0,
1+ oy
Ce = —a, <0,
Q
C
Ce = —ae > 0.
Q

(C1)

(C2)
(C3)

(C4)

Thus their derivatives depend on the derivatives of the inflation coefficients and

those of C' and D. These latter are given by

aC 2
0 = 9—3>0,
oc _ o,
00, a0, ’
oD
o, "
oD OB
00, — o0,
-1

= 700[292@5” > 0,
oD o'aX.0]! 50
90, 0, '

Proof of Proposition 9

(C5)

(C6)

(C7)

(C8)

(C9)

The effects of increased robustness against inflation uncertainty on the inflation and

output coefficients in the exchange rate equation are given by

COlea| 1 [ oD 8%1

_ D
00, +ov |“ 00, "0,
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E 02 E202
o¥23,
E202

= —[E-(1+07)C]

ocaDY.2y,

The coefficient on the exchange rate is given by

L=, C12
=05 C (C12)

so all derivatives have the opposite sign to those of ¢,. O

Proof of Proposition 10

The effects of increased robustness against output and exchange rate uncertainty on

the inflation and output coefficients in the exchange rate equation are given by

d|cx| 1 [ oD +D8aﬂ
— — — alﬂ__
00, l+oy | 00, 00,
B 1 [(1+07)2; 003,01 2oy, X2
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 l4oy| EO2 E?62
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1+ )0 (C13)
J|cx| 1 [ oD Oa,
_ - 4D
20, T+ |“06, 8961
B 1 [(1+0y)E,0 1aX.0 ! DaQZﬂZg
140y E 0. E?p?
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Y02
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= U+ oNCq S <O, (C14)
_859|sz‘ — é [azg—g +ngj

_ % -0, (C15)
A e

_ _00’C%, 57 >0, (C16)

(1+0v)E262

and again all derivatives of ¢, have the opposite sign to those of ¢,. O

C.2 Proofs of Propositions 11 and 12
Preliminaries

Note that we can write the reduced-form coefficients for the policy rule as

d. = Fraz >0, (C17)
dy = Fya,+ 00X, >40, (C18)
d. = F.a; >40, (C19)
where
F, = J[B— ik ]
1+ o0y
-1 -1
BN SO = S (O~ e
14+ o0y 14+ o0y
o yaX.0 1
= B “— >4 0 C20
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F 0B 40 —22 g (C21)
x = - |« 71 Nwe )
K (1+07v)2, o
o
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@B +1 ](1+07)Eﬂ
Y
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0y o ( )

and it is useful to recall that

E—oaB —oyC
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= C+a(D—-0B)

(v +o71)be

o ta?y?

>4 0. (C23)

Proof of Proposition 11

The effects on the policy rule coefficients of increased robustness against inflation

and exchange rate uncertainty are given by

9|y
00,

0| dx|
90,

_ Olda]
90

_ Olds|
90,

0|de|
90

OF, P da,
00, 00,
0 00E6 ] (1+09)°E
140y 14 oy E202

>0 (C24)

or,. da,
N P s 2
[a” o, aee] (C25)
(1+07)S; vaX. 0! o N ya¥. 071 o, 2 -0
E (14 ov)0. 1+ovy 1+ o7y E?p? ’

T g
90. g,

(14 07)%, yo?E,X2,

E (14 0v)62

[ oF, 8%]
—la,

o?%,  (14o07)%3
(1+07)8,  E202

— [aB +~C]

2302 2y72
o ZWZJE (1 + O”y)O’ ZT{'ZCE
“Ee [aB + ~C] 202

o2¥2Y,

—[(1+07) (@B +~C) —vE]

E262
2y,
—[aB+~C —~(E — ocaB — oyC)] UE222 <0, (C26)
OF, da

— 4 p T

l“” 20, " aee]

221 22ﬂ_22

—[aB +~0] —2 & onze ), (C27)

(1+o7)E: E?02

oF, L F oa,
00 00
1 Yir Dir e De 1 2y3

(A +0)E: qo B 440 —2 (1+079)°%;

E (1+on)E TTo)s, B2

voX23, o(l+o07v)22%,
—Tegr“f‘[OzB—l—’yC] £262
oY2Y,

—[vE — (1 + 07) (aB 4+ ~C)] 202

42



oY2Y,

= —[y(F—-o0aB—o0vC)— (aB+~0C))] e 0, (C28)
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(1+o7)E: E?02
Proof of Proposition 12

The effects on the policy rule coefficients of increased robustness against output

uncertainty are given by
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