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Lq pdq| fdvhv wkh ghew olplwv dsshdu wr eh elqglqj +PfHdfkhuq/ 4<:;,1 Wkh
mxvwl�fdwlrq iru lpsrvlqj ghew olplwv pxvw eh wkdw vrph h{whuqdolw| dfurvv
glvwulfwv ohdgv wr dq ryhu0dffxpxodwlrq ri orfdo sxeolf ghew1 Lq wklv sdshu/
iroorzlqj Gdo| +4<9<,/ Rdwhv +4<:5, dqg Euxfh +4<<8,/ zh dvvxph wkdw d
qhjdwlyh h{whuqdolw| lv fdxvhg e| pljudwlrq15 Rxu pdlq uhvxow lv wkdw lq d
uhsuhvhqwdwlyh ghprfudf| zlwk orfdo hohfwlrqv/ wkh ryhu0dffxpxodwlrq ri ghew
lv hqkdqfhg e| wkh hohfwrudo surfhvv/ ehfdxvh lq hdfk glvwulfw wkh yrwhuv zloo
hohfw vkruwvljkwhg srolwlfdo ohdghuv1 Frxqwulhv zlwk gluhfw yrwlqj ryhu orfdo
ghew ohyhov/ vxfk dv Vzlw}huodqg/ vkrxog vx�hu ohvv iurp wkh h{whuqdolw| wkdq
frxqwulhv zkhuh ghew ohyhov duh ghwhuplqhg e| orfdoo| hohfwhg vkruwvljkwhg
srolwlfldqv1

Lq rxu prgho wkhuh duh & � 2 lghqwlfdo glvwulfwv1 Lqglylgxdov kdyh gli0
ihuhqw glvfrxqw idfwruv/ exw duh rwkhuzlvh lghqwlfdo1 Wkhuh duh wzr shulrgv/
zlwk pljudwlrq wdnlqj sodfh ehwzhhq wkh shulrgv1 Orfdo sxeolf ghew fdq eh
dffxpxodwhg lq shulrg rqh1 Eruurzlqj rffxuv dw d �{hg lqwhuhvw udwh o rq d
fdslwdo pdunhw zklfk lv h{rjhqrxv wr wklv hfrqrp|1 Vlqfh d glvwulfw fdqqrw
wd{ lwv sdvw flwl}hqv/ wkh orfdo ghew pxvw eh uhsdlg lq shulrg wzr e| wkh sh0

ulrg wzr flwl}hqv ri wkh glvwulfw1 Wkxv/ flwl}hqv zkr pryh iurp glvwulfw � wr
glvwulfw � ehfrph uhvsrqvleoh iru wkh ghew lq glvwulfw �/ exw fdqqrw eh irufhg
wr uhsd| dq| sduw ri wkh ghew lq glvwulfw �1 Lq shulrg rqh wkh ghew ohyho lv
ghflghg/ lq hdfk glvwulfw/ e| wkh glvwulfw*v srolf|pdnhu1 Wkh srolf|pdnhu lv d
flwl}hq zkr zlqv d orfdo hohfwlrq1 Diwhu wkh hohfwlrq kh vhwv wkh ghew ohyho wkdw
pd{lpl}hv klv rzq zhoiduh +lw lv qrw srvvleoh wr frpplw wr d srolf| ehiruh
wkh hohfwlrq,1 Doo lqglylgxdov +lqfoxglqj wkh srolf|pdnhuv, duh ixoo| udwlrqdo1
Lq sduwlfxodu/ wkh| fdq suhglfw wkdw pljudwlrq pd| eh wuljjhuhg e| wkh ghew
ohyhov1 Wkhuh lv d �{hg uhvrxufh lq hdfk glvwulfw/ zklfk lv vkduhg e| wkh orfdo
lqkdelwdqwv1 Lppljudwlrq ohdgv wr frqjhvwlrq ehfdxvh pruh lqglylgxdov zloo
vkduh wkh �{hg uhvrxufh1 Iuhh dqg frvwohvv pljudwlrq lpsolhv wkdw lq shulrg
wzr doo glvwulfwv pxvw eh htxdoo| sohdvdqw wr olyh lq/ zklfk lq rxu vlpsoh prgho
lpsolhv wkh| doo pxvw kdyh wkh vdph shu0fdslwd frqvxpswlrq +htxdo wr wkh
dyhudjh frqvxpswlrq lq wkh zkroh hfrqrp|,1

E| eruurzlqj rqh xqlw ri wkh frqvxpswlrq jrrg lq shulrg rqh/ wkh srol0
f|pdnhu lqfuhdvhv wkh shulrg rqh frqvxpswlrq lq klv glvwulfw e| rqh xqlw1 Lq
shulrg wzr/ �no xqlwv kdyh wr eh uhsdlg e| wkh shulrg wzr lqkdelwdqwv ri klv

5Rwkhu h{sodqdwlrqv iru zk| ghew fdxvhv d qhjdwlyh h{whuqdolw| kdyh ehhq sursrvhg1

Lq sduwlfxodu/ Hssoh dqg Vsdww +4<;9, dujxhg wkdw wkh ghidxow ri pdq| frppxqlwlhv pd|

ohdg wr d vlwxdwlrq zkhuh frxuwv uhixvh wr hqirufh sxeolf ghew frqwudfwv/ zklfk uhgxfhv wkh
fuhglw udwlqj ri doo frppxqlwlhv1
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glvwulfw1 Wklv uhgxfhv wkh dyhudjh hfrqrp| zlgh frqvxpswlrq e| E� n o�*&1
Iuhh pljudwlrq lpsolhv wkdw wkh frqvxpswlrq lq wkh srolf|pdnhu*v rzq glv0
wulfw pxvw htxdo wkh dyhudjh frqvxpswlrq lq wkh zkroh hfrqrp|/ vr wkh srol0
f|pdnhu lqwhuqdol}hv rqo| rqh &wk ri wkh frvw ri wkh ordq16 Dv d uhvxow ri wklv
�frpprq srro� sureohp/ wkh htxloleulxp ghew ohyhov duh lqh!flhqwo| kljk1
Wkh pruh wkh srolf|pdnhu glvfrxqwv wkh ixwxuh/ wkh pruh ghew kh zloo dffx0
pxodwh1 Wkhuhiruh/ fkrrvlqj d srolf|pdnhu zlwk d sduwlfxodu glvfrxqw idfwru
lv vwudwhjlf ghohjdwlrq lq wkh vhqvh ri Ylfnhuv +4<;8, dqg Ihuvkwpdq/ Mxgg
dqg Ndodl +4<;:,1 E| lqfuhdvlqj wkh ghew lq klv glvwulfw/ wkh srolf|pdnhu
uhgxfhv wkh shulrg wzr frqvxpswlrq ohyho lq doo glvwulfwv/ wkhuhe| udlvlqj wkh
pdujlqdo xwlolw| ri shulrg wzr frqvxpswlrq iru wkh rwkhu srolf|pdnhuv1 Wkh
rwkhu srolf|pdnhuv* ehvw uhvsrqvh lv wr uhdoorfdwh frqvxpswlrq iurp shulrg
rqh wr shulrg wzr/ l1h1 wr uhgxfh wkhlu ghew1 Wkhuhiruh/ ghew lv d vwudwhjlf

vxevwlwxwh1 Vlqfh ghew fdxvhv d qhjdwlyh h{whuqdolw| dfurvv glvwulfwv/ wkh yrw0
huv lq hdfk glvwulfw zloo hohfw d srolf|pdnhu zkr dffxpxodwhv d orw ri ghew
lq rughu wr pdnh wkh rwkhu srolf|pdnhuv uhgxfh wkhlu ghew ohyhov1 Wkxv/
lq yrwlqj htxloleulxp/ wkh srolf|pdnhu lq hdfk glvwulfw zloo eh vkruwvljkwhg1

Wkdw lv/ wkh fkrvhq srolf|pdnhu zloo kdyh d orzhu glvfrxqw idfwru wkdq wkh
phgldq yrwhu lq klv glvwulfw1 Kh zloo eh lqfolqhg wr �eruurz dqg vshqg�1 Dv
d uhvxow/ wkh lqh!flhqf| fdxvhg e| wkh �frpprq srro� sureohp ri ghew lv
pdgh zruvh e| wkh hohfwrudo surfhvv ri d uhsuhvhqwdwlyh ghprfudf|1 Lqghhg/
d vlplodu dujxphqw zloo lpso| wkdw uhsuhvhqwdwlyh ghprfudf| lv zruvh wkdq
gluhfw ghprfudf| iru wkh phgldq yrwhu zkhqhyhu wkh ghflvlrq yduldeohv duh
vwudwhjlf vxevwlwxwhv1 Krzhyhu/ wkh vlwxdwlrq lv uhyhuvhg zkhq wkh ghflvlrq
yduldeohv duh vwudwhjlf frpsohphqwv1 Lq wklv fdvh uhsuhvhqwdwlyh ghprfudf|
wxuqv rxw wr eh ehwwhu iru wkh phgldq yrwhu1 Dq h{dpsoh lv surylghg e| Shuv0
vrq dqg Wdehoolql*v +4<<5, prgho ri fdslwdo wd{ frpshwlwlrq1 Fdslwdo wd{hv
duh vwudwhjlf frpsohphqwv vr wkh yrwhuv hohfw d srolwlfldq zkr lv olnho| wr vhw
d kljk wd{/ wkhuhe| hqfrxudjlqj wkh rwkhu glvwulfw wr udlvh wkhlu wd{ wrr1 Wklv

6D shulrg rqh wd{ fxw lq d glvwulfw lv hqmr|hg rqo| e| wkh fxuuhqw +shulrg rqh, lq0

kdelwdqwv/ zkloh dq lqfuhdvh lq wkh orfdo ghew zloo eh uhsdlg e| wkh ixwxuh +shulrg wzr,

lqkdelwdqwv1 Wkh wd{ fxw grhv qrw dwwudfw lppljudqwv lq shulrg rqh ehfdxvh e| dvvxps0
wlrq lppljudwlrq rqo| rffxuv ehwzhhq wkh shulrgv1 Li rxwvlghuv zhuh doorzhg wr lppljudwh

lqvwdqwdqhrxvo| dv d uhvsrqvh wr d shulrg rqh wd{ fxw wkhq wkhuh zrxog eh qr vwudwhjlf

ehqh�w ri xvlqj ghew lqvwhdg ri wd{hv/ dqg rxu uhvxowv zrxog fkdqjh1 Vxfk d iulfwlrqohvv
vfhqdulr zrxog eh xquhdolvwlf/ krzhyhu1 Ghflvlrqv wr pljudwh qhhg wr eh sodqqhg dkhdg ri

wlph/ vr lw vhhpv uhdvrqdeoh wkdw srwhqwldo pljudqwv duh orfnhg lqwr wkhlu fxuuhqw glvwulfw
iru vrph dprxqw ri wlph1

6



uhgxfhv wkh lqh!flhqf| fdxvhg e| wkh wd{ frpshwlwlrq/ zklfk ehqh�wv wkh
phgldq yrwhuv1

Wkhuh lv d odujh olwhudwxuh h{sodlqlqj zk| wkh srolwlfdo surfhvv pd| frq0
wulexwh wr h{fhvvlyh eruurzlqj e| jryhuqphqwv1 Shuvvrq dqg Vyhqvvrq +4<;<,
dqg Wdehoolql dqg Dohvlqd +4<<3, dujxh wkdw jryhuqphqwv pd| zlvk wr xvh
ghew vwudwhjlfdoo| lq rughu wr lq xhqfh wkh fkrlfhv ri wkhlu vxffhvvruv1 Li wkh
vxffhvvru kdv gl�huhqw suhihuhqfhv rq jryhuqphqw vshqglqj/ ghew zloo h�hf0
wlyho| wlh klv kdqgv dqg eh vwudwhjlfdoo| xvhg iru wklv sxusrvh1 D �frpprq
srro� sureohp ri ghew zklfk zdv qrw fdxvhg e| pljudwlrq durvh lq Wdehoolql*v
+4<;9, prgho ri d g|qdplf jdph ri �vfdo dqg prqhwdu| frruglqdwlrq1 Fkdul/
Mrqhv/ dqg Pdulprq +4<<9, suhvhqw d prgho ri hohfwlrq ri wkh ohjlvodwxuh/
zkhuh wkh edujdlqlqj lq wkh ohjlvodwxuh pdnhv lw rswlpdo iru gl�huhqw glv0
wulfwv wr hohfw uhsuhvhqwdwlyhv zkr duh �elj vshqghuv�/ dowkrxjk wkh gl�huhqw
hohfwrudwhv kdyh phgldq yrwhuv zlwk pruh frqvhuydwlyh suhihuhqfhv rq sxeolf
h{shqglwxuh1 Wkh hohfwlrq surfhvv dpsol�hv wkh glvwruwlrqv lq wkhlu prgho
olnh lq rxuv/ dowkrxjk wkh uhdvrq iru lw lv yhu| gl�huhqw iurp rxu prgho1

Zh pdnh wkh vlpsoli|lqj dvvxpswlrqv wkdw wkhuh lv qr pdunhw iru odqg dqg
wkhuh duh qr sxeolf jrrgv1 Wkhvh lvvxhv duh glvfxvvhg e| Vfkxow} dqg Vmùvwuùp
+5333, lq d prgho zkhuh wkhuh duh qr hohfwlrqv1 Lqwurgxflqj d frpshwlwlyh
pdunhw iru odqg dqg doorzlqj iru yduldeoh sxeolf jrrgv ohyhov zloo qrw uhpryh
wkh ghew h{whuqdolw| fdxvhg e| pljudwlrq1 Lq sduwlfxodu/ wkh orfdo sxeolf ghew
ohyho zloo lq jhqhudo qrw eh ixoo| fdslwdol}hg lq odqg ydoxhv/ wkhuhiruh wkh ghew
h{whuqdolw| uhpdlqv1

Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho1
Htxloleulxp dprqj srolf|pdnhuv lv wuhdwhg lq vhfwlrq 6/ zkloh vhfwlrq 7 glv0
fxvvhv wkh hohfwlrq ri srolf|pdnhuv1

5 Wkh prgho

Wkhuh duh & � 2 lghqwlfdo glvwulfwv1 Hdfk glvwulfw lqlwldoo| kdv d frqwlqxxp
ri flwl}hqv zklfk zh qrupdol}h wr vl}h rqh1 Wkhuh duh wzr shulrgv1 Wkh
djhqwv fdq pryh ehwzhhq wkh glvwulfwv rqo| ehwzhhq shulrgv rqh dqg wzr1
Wkh olihwlph xwlolw| lv wkh glvfrxqwhg vxp ri wkh xwlolwlhv lq wkh wzr shulrgv/
zkhuh q lv wkh glvfrxqw idfwru1 Lqglylgxdov kdyh gl�huhqw glvfrxqw idfwruv/
exw duh rwkhuzlvh lghqwlfdo1 Hdfk djhqw*v xwlolw| ri frqvxpswlrq lv �ES�c zkhuh
�� : fc ��� 	 f� Wkh lqlwldo glvwulexwlrq ri q lq hdfk glvwulfw kdv vxssruw dfc �o
dqg phgldq 7q1 Hdfk glvwulfw frqwdlqv d qdwxudo uhvrxufh zklfk hdfk shulrg
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surgxfhv rqh xqlw ri wkh frqvxpswlrq jrrg1 Wklv xqlw lv glylghg htxdoo|
dprqj wkh lqkdelwdqwv1

Wkh wlph olqh lv dv iroorzv1 Ehiruh shulrg rqh hdfk glvwulfw hohfwv d srol0
f|pdnhu iurp lwv srsxodwlrq +uhsuhvhqwdwlyh ghprfudf|,1 Lq shulrg rqh/ wkh
srolf|pdnhu lq hdfk glvwulfw � ghflghv rq wkh dprxqw ri ghew _� wr eh lqfxuuhg
lq klv glvwulfw1 Wkh shulrg rqh shu fdslwd frqvxpswlrq lq glvwulfw � lv �n _�1
Wkh ordq lv wdnhq rq d fdslwdo pdunhw zklfk lv h{rjhqrxv wr wklv hfrqrp|
dqg wkh lqwhuhvw udwh lv o 	 �� Zh dvvxph

E� n o�7q : �

zklfk lpsolhv wkdw lw lv +vrfldoo|, lqh!flhqw iru wkh phgldq yrwhu wr eruurz1
Ehwzhhq shulrgv rqh dqg wzr/ wkh flwl}hqv fdq iuhho| dqg zlwkrxw frvw

pryh ehwzhhq glvwulfwv1 Dw wkh wlph ri pljudwlrq/ hdfk djhqw nqrzv wkh ghew
ohyhov lq doo frppxqlwlhv1 Wkh qxpehu ri flwl}hqv olylqj lq glvwulfw � lq shulrg
wzr lv ghqrwhg ?�c zkhuh f � ?� � &� Lq shulrg wzr/ wkh ghew +zlwk lqwhuhvw,
lv uhsdlg/ vxemhfw wr wkh frqvwudlqw wkdw frqvxpswlrq fdqqrw eh ohvv wkdq
}hur +olplwhg oldelolw|,1 Lw lv qrw wkh flwl}hqv zkr lqfxuuhg wkh ghew/ exw wkh
flwl}hqv zkr duh qrz olylqj lq wkh glvwulfw/ zkr duh uhvsrqvleoh iru sd|lqj wkh
ghew1 Doo wd{hv duh oxps vxp wd{hv1

Wkh vhfrqg shulrg flwl}hqv pxvw uhsd| wkh ghew zlwk lqwhuhvw/ E� n o� _��
Vlqfh hdfk glvwulfw*v shu shulrg lqfrph lv rqh xqlw ri wkh frqvxpswlrq jrrg/
d ordq zklfk lv eljjhu wkdq �*E� n o� fdqqrw eh uhsdlg1 Zh vxssrvh qr
vxfk ordq fdq eh rewdlqhg rq wkh fdslwdo pdunhw1 Wkxv/ wkh frqvwudlqw rq
srolf|pdnhu �*v ordq lv

f � E� n o� _� � � +4,

Zkdw lv ohiw diwhu wkh ghew lv uhsdlg lv frqvxphg1 Wkh vhfrqg shulrg shu
fdslwd frqvxpswlrq lq glvwulfw � lv/ wkhuhiruh/

�� E� n o�_�
?�

li E� n o� _� 	 � dqg f li E� n o� _� ' ��

6 Htxloleulxp dprqj wkh srolf|pdnhuv

Lq wklv vhfwlrq zh dvvxph d srolf|pdnhu kdv ehhq fkrvhq lq hdfk glvwulfw/
dqg frqvlghu dq htxloleulxp lq wkh jdph sod|hg e| wkh srolf|pdnhuv� Ohw
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q� ghqrwh wkh glvfrxqw idfwru ri wkh srolf|pdnhu lq glvwulfw �c iurp qrz rq
uhihuuhg wr dv srolf|pdnhu ��

Wkh remhfwlyh ri hdfk srolf|pdnhu lv wr fkrrvh d �uvw shulrg ghew ohyho vr
dv wr pd{lpl}h klv rzq olihwlph xwlolw|/ ru htxlydohqwo|/ wkh olih wlph xwlolw| ri
wkrvh �uvw shulrg flwl}hqv ri klv glvwulfw wkdw kdyh wkh vdph glvfrxqw idfwru dv
klp1 Zh dvvxph udwlrqdo h{shfwdwlrqv= +4, lq htxloleulxp/ hdfk srolf|pdnhu
fruuhfwo| suhglfwv wkh rwkhu srolf|pdnhuv* fkrlfhv> dqg +5, iru hdfk fkrlfh ri
_ ' E_�c ���c _&�c wkh srolf|pdnhuv dv zhoo dv doo rwkhu djhqwv fdq suhglfw hdfk
glvwulfw �*v vhfrqg shulrg srsxodwlrq ohyho ?�E_�1 Zh uhtxluh wkdw ?�E_� lv
frqvlvwhqw zlwk xwlolw| pd{lpl}lqj ehkdylru rq wkh sduw ri wkh djhqwv lq wkh
iroorzlqj vhqvh1 Iru hdfk �c jlyhq udwlrqdo h{shfwdwlrqv derxw ?�E_�c hdfk
djhqw fdq fdofxodwh wkh xwlolw| ri olylqj lq glvwulfw � lq shulrg wzr=

�

#
�� E� n o�_�

?�E_�

$
+5,

li E�no�_� 	 � dqg �Ef� rwkhuzlvh1 Zh uhtxluh wkdw lq shulrg wzr hdfk djhqw
olyhv lq wkh glvwulfw zklfk jlyhv klp wkh kljkhvw xwlolw|1 Dv lqwhuwhpsrudo
xwlolw| lv vhsdudeoh dqg wkhuh duh qr frvwv ri prylqj/ diwhu wkh �uvw shulrg doo
djhqwv duh lq d v|pphwulf srvlwlrq dqg wkh ghflvlrq ri zkhuh wr orfdwh lq wkh
vhfrqg shulrg lv qrw lq xhqfhg e| zkhuh wkh djhqw olyhg lq wkh �uvw shulrg1
Qrwlfh wkdw wkh| duh v|pphwulf hyhq wkrxjk wkh| pd| kdyh kdg gl�huhqw
glvfrxqw idfwruv/ ehfdxvh rqfh wkh �uvw shulrg lv ryhu wkh glvfrxqwlqj grhv
qrw pdwwhu dq|pruh1

Ohppd 4 Iru doo �/ E�no�_� 	 � lpsolhv ?�E_� : f� Li wkhuh lv vrph glvwulfw

� zlwk E� n o�_� 	 �c wkhq iru doo �/ E� n o�_� ' � lpsolhv ?�E_� ' f�

Surri1 Vxssrvh E�no�_� 	 � exw ?�E_� ' f� Li dq djhqw zkr sodqv wr olyh lq
wkh vhfrqg shulrg lq d glvwulfw zlwk d srvlwlyh srsxodwlrq pryhg wr glvwulfw �
lqvwhdg/ kh zrxog jhw dq duelwudulo| kljk frqvxpswlrq/ iurp +5,� Wklv zrxog
pdnh klp ehwwhu r� iru vxuh ehfdxvh � lv lqfuhdvlqj/ exw wklv frqwudglfwv rxu
k|srwkhvlv wkdw hdfk djhqw olyhv lq wkh glvwulfw zklfk jlyhv klp wkh kljkhvw
xwlolw|1

Li E� n o�_� 	 � dqg E� n o�_� ' � wkhq glvwulfw � kdv vwulfwo| kljkhu
frqvxpswlrq wkdq glvwulfw �/ zklfk suryhv wkh vhfrqg sduw ri wkh vwdwhphqw1

Zh fdq qrz �qg wkh shulrg wzr srsxodwlrq ri hdfk glvwulfw � dv d ixqfwlrq
ri wkh ghew ohyhov lq wkh gl�huhqw glvwulfwv1 Vxssrvh E�n o�_� 	 � iru dw ohdvw
rqh �� Vxssrvh zlwkrxw orvv ri jhqhudolw| wkdw E� n o�_� 	 � iru � � � � �

9



dqg E� n o�_� ' � iru � : �� Wkhq e| Ohppd 4/ ?�E_� : f iru � 5 i�c ���c �j�
Ehfdxvh doo djhqwv pdnh udwlrqdo pljudwlrq ghflvlrqv/ doo wkhvh glvwulfwv pxvw
eh htxdoo| sohdvdqw wr olyh lq/ vr

�� E� n o�_�
?�E_�

'
�� E� n o�_�

?�E_�

iru � � �c � � �� Wklv lpsolhv

?�E_�

&
'

�� E� n o�_�S�
�'� E�� E� n o�_��

+6,

iru � 5 i�c ���c �j� Iru � : �c �� E� n o�_� ' f dqg ?�E_� ' f e| Ohppd 4/
vr iru doo � 5 i�c ���c &j zh kdyh

?�E_� ' &
�� E� n o�_�S&

�'� E�� E� n o�_��
+7,

dv orqj dv E�no�_� 	 � iru dw ohdvw rqh �� Li lw vkrxog kdsshq wkdw E�no�_� ' �
iru doo �c wkhq doo glvwulfwv kdyh }hur vhfrqg shulrg frqvxpswlrq/ dqg ?�E_�
fdq eh duelwudu| qxpehuv vdwlvi|lqj

S&
�'� ?�E_� ' &�

Srolf|pdnhu �*v olihwlph sd|r� lv wkh sd|r� ri dq djhqw zkr olyhv lq
glvwulfw � lq wkh �uvw shulrg dqg zkr kdv glvfrxqw idfwru q�1 Li E�no�_� ' � iru
doo �c wkhq doo glvwulfwv kdyh }hur frqvxpswlrq lq shulrg wzr dqg srolf|pdnhu
�*v sd|r� lv

�
�
� n

�

� n o

�
n q��Ef� +8,

Li wkhuh lv vrph � vxfk wkdw E�no�_� 	 �c wkhq dq| vxfk glvwulfw lv htxdoo|
sohdvdqw dqg iurp +7, kdv shu fdslwd frqvxpswlrq

�� E� n o�_�
?�E_�

'

S&
�'� E�� E� n o�_��

&
' �� E� n o�

S&
�'� _�

&

Wkxv/ srolf|pdnhu �*v sd|r� lv

T�E_�cl3�c q�� � � E� n _�� n q��

#
�� E� n o�

l3� n _�
&

$
+9,

zkhuh
l3� �

[
��'�

_�

:



Qrwlfh wkdw +9, htxdov +8, li E� n o�_� ' � iru doo �1 Khqfh/ lq doo fdvhv
srolf|pdnhu �*v sd|r� lv jlyhq e| +9,1 Lw lv hdv| wr fkhfn wkdw T�E_�cl3�c q�� lv
vwulfwo| frqfdyh lq E_�cl3�� � Qrwlfh wkdw srolf|pdnhu �*v sd|r� rqo| ghshqgv
rq _� iru � 9' � wkurxjk l3� '

S
��'� _�� Wkh ghew ohyhov _

W ' E_W�c ���c _
W
&� irup

dq htxloleulxp dprqj wkh srolf|pdnhuv li dqg rqo| li iru hdfk �/ _W� pd{lpl}hv
T�E_�c

S
��'� _

W
� c q�� vxemhfw wr wkh frqvwudlqw f � _� � �*E� n o�1

Htxdwlrq +9, vkrzv wkh edvlf h{whuqdolw| fdxvhg e| wkh pljudwlrq1 Uh0
jdugohvv ri uhodwlyh ghew ohyhov lqfxuuhg lq shulrg rqh/ lq shulrg wzr wkh shu
fdslwd frqvxpswlrq lq doo lqkdelwhg glvwulfwv pxvw eh htxdo/ khqfh htxdo wr
wkh dyhudjh frqvxpswlrq lq wkh zkroh hfrqrp|=

�� E� n o�_�
?�

'

S&
�'� E�� E� n o�_��

&

iru doo � vxfk wkdw �� E� n o�_� : f�
Li srolf|pdnhu � eruurzv rqh pruh xqlw ri wkh frqvxpswlrq jrrg wr vshqg

lq klv glvwulfw wrgd|/ wklv uhgxfhv wkh hfrqrp|0zlgh dyhudjh frqvxpswlrq lq
shulrg wzr e| rqo| E� n o�*&� Khqfh/ wkh srolf|pdnhu lqwhuqdol}hv rqo| rqh
&wk ri wkh wuxh frvw ri wkh ordq1 Lqghhg/ wkh ghulydwlyh ri srolf|pdnhu �*v
sd|r� ixqfwlrq zlwk uhvshfw wr _� lv

YT�E_�cl3�c q��

Y_�
' �� E� n _���

� n o

&
q��

�

#
�� E� n o�

l3� n _�
&

$

iru f 	 _� 	 �*E� n o�1 Ohw �-�El3� m q�� ghqrwh wkh ehvw uhvsrqvh iru
srolf|pdnhu � +zlwk glvfrxqw idfwru q�, zkhq wkh rwkhu glvwulfwv fkrrvh wkh
djjuhjdwh ghew ohyho l3�1 Dw dq lqwhulru vroxwlrq/ �-�El3� m q�� lv lpsolflwo|
ghwhuplqhg e|

YT�E�-�El3� m q��cl3�c q��

Y_�
' f +:,

Ohw �-�
�El3� m q�� ghqrwh wkh vorsh ri wkh ehvw uhvsrqvh ixqfwlrq1 Wrwdoo|

gl�huhqwldwlqj +:, zh jhw

�-�
�El3� m q�� ' �

E�no�2

&2
q��

��
�
S2�
�

���
�
S��
�
n E�no�2

&2
q��

��
�
S2�
� +;,

zkhuh
S�� ' � n�-�El3� m q��

;



dqg

S2� ' �� E� n o�
l3� n�-�El3� m q��

&

duh wkh frqvxpswlrq ohyhov lq shulrgv rqh dqg wzr lq glvwulfw �� Wkxv/

�� 	 �-�
�El3� m q�� 	 f +<,

dw dq lqwhulru vroxwlrq1 Vr wkh ghew ohyhov duh vwudwhjlf vxevwlwxwhv dqg wkh
vorsh ri wkh ehvw uhvsrqvh ixqfwlrq lv ohvv wkdq rqh +lq devroxwh ydoxh,1 Wkxv/
d vwdqgdug frqglwlrq iru wkh vwdelolw| dqg xqltxhqhvv ri htxloleulxp lv vdwlv0
�hg1

Sursrvlwlrq 4 Iru dq| Eq�c ���c q&� wkhuh h{lvwv d xqltxh htxloleulxp dprqj

wkh srolf|pdnhuv1

Surri1 Il{ Eq�c ���c q&�� Vlqfh _� ehorqjv wr d frpsdfw vhw dfc �

�no
o dqg wkh

srolf|pdnhuv* sd|r� ixqfwlrqv duh frqfdyh/ wkhuh h{lvwv dw ohdvw rqh htxlole0
ulxp dprqj wkh srolf|pdnhuv +Ixghqehuj dqg Wluroh +4<<4,/ Fkdswhu 416161
,1 Zh qrz dujxh wkdw wkh htxloleulxp lv xqltxh1 Vxssrvh wr wkh frqwudu|
wkdw wkhuh duh wzr gl�huhqw htxloleuld/ vd| E_�c ���c _&� dqg E_��c ���c _

�
&��Zlwkrxw

orvv ri jhqhudolw|/ ohw � eh d glvwulfw vxfk wkdw _�� � _� � {_� 	 f� E| +<,/ wkh
fkdqjh lq wkh djjuhjdwh ghew ri doo glvwulfwv h{fhsw � pxvw vdwlvi|

[
��'�

{_� � �{_� : f +43,

Lw iroorzv iurp +43, wkdw wkhuh pxvw eh d glvwulfw/ vd| �c vxfk wkdw _�� � _� �
{_� : f� E| +<,/ wkh fkdqjh lq wkh djjuhjdwh ghew ri doo glvwulfwv h{fhsw �
pxvw vdwlvi| [

��'�

{_� � �{_� 	 f +44,

Krzhyhu/ +43, lpsolhv

[
��'�

{_� '
[
��'�

{_� n{_� �{_� : �{_�

zklfk frqwudglfwv +44,1
Il{ _�c dqg frqvlghu d jdph sod|hg dprqj srolf|pdnhuv � 9' � frqglwlrqdo

rq wklv _�� E| wkh dujxphqw ri wkh surri ri Sursrvlwlrq 4/ wklv �uhgxfhg� jdph

<



kdv d xqltxh htxloleulxp1 Ohw
�
_W�E_��

�
� �'�

ghqrwh wkh htxloleulxp fkrlfhv lq

wklv uhgxfhg jdph/ frqglwlrqdo rq wklv �{hg _�/ dqg ohw

l3�E_�� �
[
� �'�

_W�E_��

ghqrwh wkh djjuhjdwh ehvw uhvsrqvh ixqfwlrq iru doo glvwulfwv h{fhsw �� Wkxv/
li srolf|pdnhu � frxog vrphkrz sxeolfo| frpplw wr _�c wkh djjuhjdwh ghew
ohyho lq wkh htxloleulxp dprqj wkh rwkhu srolf|pdnhuv zrxog eh l3�E_��� Ri
frxuvh/ qr vxfk frpplwphqw lv srvvleoh/ exw wkh ixqfwlrq l3�E_�� zloo sod| dq
lpsruwdqw uroh lq rxu dqdo|vlv1 Wkh iroorzlqj uhvxow vd|v wkdw wkh djjuhjdwh
ghew ri doo glvwulfwv rwkhu wkdq � lv d vwudwhjlf vxevwlwxwh iru glvwulfw �*v ghew1
Iru Frxuqrw frpshwlwlrq/ vlplodu uhvxowv zhuh suryhg e| Gl{lw +4<;9, dqg
Iduuhoo dqg Vkdslur +4<<3,1

Sursrvlwlrq 5 Iru dq| Eq�/111/q&� dqg dq| �/

�� 	
Yl3�E_��

Y_�
	 f +45,

iru doo _�c dvvxplqj wkdw dw ohdvw vrph glvwulfw � 9' � lv dw dq lqwhulru vroxwlrq1

Surri1 Zlwkrxw orvv ri jhqhudolw|/ frqvlghu � ' �1 Iru hdfk � ' 2c ���c &c

Y_W�E_��

Y_�
' �� �

3
C� n [

��'�c�

Y_W� E_��

Y_�

4
D +46,

zkhuh

�� � �-�
�

3
C_� n [

��'�c�

_W� E_�� m q�

4
D

ghqrwhv wkh vorsh ri wkh ehvw uhvsrqvh ixqfwlrq1 Li zh dgg ��

�
Y_W�E_��*Y_�

�
wr erwk vlghv ri +46, zh rewdlq

�
� n ��

� Y_W�E_��
Y_�

' �� �

#
� n

[
�:�

Y_W� E_��

Y_�

$
+47,

zklfk lpsolhv
Y_W�E_��

Y_�
'

��

� n ��

#
� n

Yl3�E_��

Y_�

$
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Vxpplqj ryhu doo � : �c zh jhw

Yl3�E_��

Y_�
'
[
�:�

Y_W�E_��

Y_�
'

#
� n

Yl3�E_��

Y_�

$[
�:�

��

� n ��

Wklv fdq eh uhduudqjhg wr jhw

Yl3�E_��

Y_�
'

S
�:�

��

�n��

��
S

�:�

��

�n��

+48,

Exw zh nqrz +vhh +<,, wkdw �� 	 �� 	 f li glvwulfw � lv dw dq lqwhulru
vroxwlrq/ dqg �� ' f rwkhuzlvh1 Wkxv/ +45, krogv li dw ohdvw vrph glvwulfw
� 9' � lv dw dq lqwhulru vroxwlrq1 Wklv frpsohwhv wkh surri1

Wkhuh lv dozd|v vrph ghew lq htxloleulxp=

Sursrvlwlrq 6 Lq dq| htxloleulxp dprqj wkh srolf|pdnhuv/ wkhuh lv � vxfk

wkdw wkh ghew ohyho lq glvwulfw � lv srvlwlyh/ l1h1 _W� : f1

Surri1 Li _W� ' f iru doo � wkhq

YT�Efc fc q��

Y_�
' �� E���

� n o

&
q��

� E�� : f

ehfdxvh o 	 � e| dvvxpswlrq/ & � 2c ��E�� : f dqg q� � �1 Vr wklv fdqqrw
eh dq htxloleulxp1

Wkh lqwxlwlrq iru wklv uhvxow lv vlpsoh1 Vxssrvh _� ' f iru doo �� Wkhq/
wkh flwl}hqv ri glvwulfw � zloo kdyh wkh vdph shu fdslwd frqvxpswlrq +rqh, lq
hdfk shulrg1 Khqfh/ wkh| kdyh wkh vdph pdujlqdo xwlolw| lq hdfk shulrg1 E|
eruurzlqj rqh xqlw ri wkh frqvxpswlrq jrrg/ wkh flwl}hqv lq glvwulfw � jhw
rqh xqlw h{wud wrgd|/ exw dv wkh| zloo jhw wkh dyhudjh frqvxpswlrq wrpruurz/
wkh| h�hfwlyho| rqo| sd| edfn E�no�*& 	 � xqlwv wrpruurz/ zklfk lq dgglwlrq
lv glvfrxqwhg1 Qr pdwwhu zkdw klv glvfrxqw idfwru lv/ wkh srolf|pdnhu suhihuv
wr eruurz1 Wkxv/ dq| htxloleulxp zloo eh lqh!flhqw iurp wkh srlqw ri ylhz
ri wkh phgldq yrwhuv/ ehfdxvh e| dvvxpswlrq lw lv lqh!flhqw iru wkh phgldq
yrwhuv wr eruurz1

Sursrvlwlrq 7 Vxssrvh doo srolf|pdnhuv kdyh wkh vdph glvfrxqw idfwru= iru

doo �/ q� ' q� Wkhq wkh xqltxh htxloleulxp _W ' E_W�c ���c _
W
&� dprqj wkh srol0

f|pdnhuv lv v|pphwulf1 Li

q :
&

� n o

��
�
� n �

�no

�
�� Ef�

+49,
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wkhq iru hdfk �c _W� ' B 5 Efc �* E� n o�� c zkhuh B vdwlv�hv

�� E� n B��
� n o

&
q�� E�� E� n o�B� ' f +4:,

Li

q �
&

� n o

��
�
� n �

�no

�
�� Ef�

+4;,

wkhq iru hdfk �c _W� ' �* E� n o�1

Surri1 Frqvlghu wkh ixqfwlrq

8 EB� � �� E� n B��
� n o

&
q�� E�� E� n o�B�

Lw fdq eh fkhfnhg wkdw 8 Ef� : f� Li 8 E�*E�no�� 	 fc wkhq e| frqwlqxlw| ri 8
wkhuh lv B 5 Efc �* E� n o�� vxfk wkdw 8 EB� ' f� Exw 8 EB� ' f lpsolhv wkdw wkh
�uvw rughu frqglwlrq +:, lv vdwlv�hg iru doo � dw _W� ' Bc vr lw lv dq htxloleulxp1
Lw lv xqltxh e| Sursrvlwlrq 41 Li lqvwhdg 8 E�*E�no�� � fc wkhq _W� ' �*E�no�
iru doo � lv dq htxloleulxp/ zklfk djdlq lv xqltxh e| Sursrvlwlrq 41

Qrwlfh wkdw +49, zloo dozd|v krog li zh dvvxph ��Ef� ' 4c dw ohdvw dv orqj
dv q : f� Khqfh/ lq wklv fdvh doo htxloleuld duh lqwhulru dqg wkh ghew ohyho lv
jlyhq e| +4:,1

Frqvlghu dq htxloleulxp vxfk wkdw f 	 _W� 	 �*E�no� iru hdfk �� Uhgxflqj
_W� kdv rqo| d vhfrqg rughu h�hfw rq wkh srolf|pdnhu ri glvwulfw �� Krzhyhu/ doo
rwkhu srolf|pdnhuv duh vwulfwo| ehwwhu r� ehfdxvh wkh dyhudjh frqvxpswlrq
lq shulrg wzr lv lqfuhdvhg/ zlwkrxw fkdqjlqj wkhlu �uvw shulrg frqvxpswlrq1
Khqfh/ uhgxflqj hdfk _W� zrxog ohdg wr d Sduhwr lpsuryhphqw dprqj wkh
srolf|pdnhuv1 Li q� ' 7q iru doo �c l1h1 li hdfk srolf|pdnhu uhsuhvhqwv wkh
phgldq yrwhu/ wkhq lw iroorzv wkdw li hdfk _W� lv uhgxfhg/ wkh phgldq yrwhu
lq hdfk glvwulfw lv pdgh vwulfwo| ehwwhu r�1 Wkhuhiruh/ doo phgldq yrwhuv
zrxog xqdqlprxvo| djuhh wr d ghew olplw1 Lq idfw/ jlyhq wkh dvvxpswlrq
wkdw E� n o�7q : � doo phgldq yrwhuv zrxog zdqw wkh ghew olplw wr eh }hur1
Vxfk ghew olplwv zrxog kdyh wr eh hqirufhg e| d fhqwudo dxwkrulw|1 Li vxfk d
fhqwudol}hg vroxwlrq lv lpsrvvleoh/ wkhq rqh zd| ri lpsolflwo| frpplwwlqj wr
Sduhwr lpsurylqj ghew uhgxfwlrqv zrxog eh wr hohfw srolf|pdnhuv zklfk duh
pruh sdwlhqw wkdq wkh phgldq yrwhu/ khqfh ohvv zloolqj wr lqfxu ghew1 Zh qrz
vkrz wkdw dfwxdoo| wkh phgldq yrwhuv zloo gr wkh rssrvlwh= wkh| zloo hohfw
srolf|pdnhuv wkdw duh ohvv sdwlhqw wkdq wkhpvhoyhv1
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7 Yrwlqj iru srolf|pdnhu

Zh qrz jr edfn wr wkh wlph ehiruh shulrg rqh zkhuh wkh yrwhuv lq hdfk
glvwulfw hohfw d srolf|pdnhu iurp wkh srsxodwlrq lq wkh glvwulfw1 Wkh yrwlqj lv
grqh lqghshqghqwo| dqg vlpxowdqhrxvo| lq wkh gl�huhqw glvwulfwv1 Zh dvvxph
hdfk flwl}hq lv zloolqj wr ehfrph srolf|pdnhu +wkhuh lv qr frvw ri uxqqlqj iru
r!fh,17 Wkh glvwulexwlrq ri glvfrxqw idfwruv kdv vxssruw dfc �o dqg zh dvvxph
glvfrxqw idfwruv duh revhuydeoh1 Wkxv/ wkh hohfwhg srolf|pdnhu fdq kdyh dq|
glvfrxqw idfwru ehwzhhq }hur dqg rqh1 Diwhu wkh hohfwlrq/ wkh srolf|pdnhu
zloo fkrrvh d ghew ohyho zklfk pd{lpl}hv klv rzq sd|r� +lw lv qrw srvvleoh wr
frpplw wr d fhuwdlq srolf| ehiruh wkh hohfwlrq,1

Lw zdv vkrzq lq Sursrvlwlrq 5 wkdw ghew lv d vwudwhjlf vxevwlwxwh lq wkh
iroorzlqj vhqvh1 Li srolf|pdnhu � zhuh wr lqfuhdvh klv ghew ohyho e| rqh xqlw/
wkh rwkhu srolf|pdnhuv* djjuhjdwh ehvw uhvsrqvh zrxog eh wr uhgxfh wkhlu
wrwdo ghew e| ohvv wkdq rqh xqlw dvvxplqj dw ohdvw rqh rwkhu srolf|pdnhu lv
dw dq lqwhulru srlqw1 E| lqfuhdvlqj klv ghew/ srolf|pdnhu � uhgxfhv wkh dyhudjh
frqvxpswlrq ohyho lq shulrg wzr dfurvv wkh zkroh hfrqrp|1 Wklv lqfuhdvhv wkh
pdujlqdo xwlolw| ri frqvxpswlrq lq shulrg wzr iru wkh rwkhu srolf|pdnhuv/ zkr
uhvsrqg e| uhgxflqj wkhlu ghew1 Wkh ehvw uhvsrqvh ixqfwlrqv duh grzqzdug
vorslqj zlwk d vorsh ohvv wkdq rqh +lq devroxwh ydoxh,/ dv looxvwudwhg lq Iljxuh
41

D �uvw shulrg flwl}hq ri glvwulfw � zkrvh glvfrxqw idfwru lv q zloo jhw d
olihwlph sd|r�

T�E_�cl3�c q� � � E� n _�� n q�

#
�� E� n o�

l3� n _�
&

$

li wkh ghew lq klv glvwulfw lv _� dqg wkh djjuhjdwh ghew lq wkh rwkhu glvwulfwv
lv l3�/ mxvw dv lq htxdwlrq +9,1 Qrwlfh wkdw T�E_�cl3�c q� lv vwulfwo| frqfdyh
lq E_�cl3��� Ri frxuvh/ _� dqg l3� zloo eh ghwhuplqhg e| wkh srolf|pdnhuv/
dqg lq xhqfhg e| srolf|pdnhu �*v glvfrxqw idfwru1 Zh zloo vkrz odwhu wkdw
xqghu vrph uhjxodulw| dvvxpswlrqv/ wkh yrwhuv lq glvwulfw � kdyh vlqjoh0shdnhg
suhihuhqfhv ryhu wkhlu srolf|pdnhu*v glvfrxqw idfwru1 Dv lv zhoo nqrzq/ lq wklv

7Rqh pd| dvn zkhwkhu dq|erg| zrxog dfwxdoo| eh lqwhuhvwhg lq uxqqlqj iru r!fh/ lq

sduwlfxodu li wkhuh lv d vpdoo frvw � dwwdfkhg wr uxqqlqj1 Krzhyhu/ iroorzlqj Ehvoh| dqg
Frdwh +4<<:, zh pd| frqvlghu dw jdph zkhuh flwl}hqv �uvw fkrrvh zkhwkhu ru qrw wr uxq

iru r!fh1 Vxssrvh wkdw li qrerg| uxqv iru r!fh lq d glvwulfw/ wkh rxwfrph lv d �vwdwxv
txr� dowhuqdwlyh zklfk lv edg iru hyhu|erg|1 Wkhq/ iru vx!flhqwo| vpdoo � wkhuh lv dq

htxloleulxp zkhuh wkh flwl}hq zkr lv prvw suhihuuhg e| wkh phgldq yrwhu uxqv xqrssrvhg1
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fdvh zh pd| irfxv rq wkh phgldq yrwhu/ zlwk glvfrxqw idfwru 7q� Wkxv/ zh zloo
iru qrz dvvxph wkdw wkh srolf|pdnhu lq hdfk glvwulfw lv fkrvhq e| wkh glvwulfw*v
phgldq yrwhu1 Dovr/ zh zloo irfxv rq lqwhulru htxloleuld/ l1h1 zh dvvxph wkh
htxloleulxp ghew ohyho lq hdfk glvwulfw zloo eh vwulfwo| ehwzhhq f dqg �*E�no��

Dv ghew lv d vwudwhjlf vxevwlwxwh/ wkh phgldq yrwhu zdqwv d srolf|pdnhu
zkr lv pruh zloolqj wkdq klp wr lqfxu ghew/ wkhuhe| uhgxflqj wkh htxloleulxp
ghew ohyho ri wkh rwkhu glvwulfwv1 E| wrwdoo| gl�huhqwldwlqj wkh srolf|pdnhu*v
�uvw rughu frqglwlrq +8, zh �qg wkdw wkh srolf|pdnhu*v fkrlfh ri ghew ohyho
ghshqgv qhjdwlyho| rq klv glvfrxqw idfwru q�=

Y�-�El3� m q��

Yq�

'
�no

&
�� ES�� �

��� ES�� � n
�
�no

&

�2
q��

�� ES2� �
	 f +4<,

zkhuh S�� dqg S2� duh wkh frqvxpswlrq ohyhov lq wkh wzr shulrgv1 Wkxv/ udlvlqj
wkh srolf|pdnhu*v glvfrxqw idfwru vkliwv klv ehvw uhvsrqvh ixqfwlrq �lqzdugv�/
l1h1/ wrzdugv orzhu ghew ohyhov/ iru hdfk l3�� Lq idfw wkh phgldq yrwhu zloo hohfw
d srolf|pdnhu zkrvh glvfrxqw idfwru lv orzhu wkdq klv rzq1 Wklv fdq eh vhhq
lq Ilj1 41 Zh fdq uhsuhvhqw wkh sureohp idflqj wkh phgldq yrwhu ri glvwulfw
� lq E_�cl3�� vsdfh1 Kroglqj q� frqvwdqw iru hdfk srolf|pdnhu � 9' �c wkh
fxuyh l3� � l3�E_�� uhsuhvhqwv wkh htxloleulxp djjuhjdwh ghew ohyhov fkrvhq
e| wkh rwkhu srolf|pdnhuv/ iru hdfk _�� Wkh fxuyh �-� � �-�El3� m q�� lv
srolf|pdnhu �*v ehvw uhvsrqvh ixqfwlrq1 Wkh htxloleulxp E_W� cl

W
3�� dprqj wkh

srolf|pdnhuv lv wkh lqwhuvhfwlrq ehwzhhq l3� dqg �-�� Zh nqrz iurp +<,
dqg +45, wkdw erwk fxuyhv duh grzqzdug vorslqj/ dqg lq E_�cl3�� vsdfh wkh
fxuyh �-� lv vwhhshu1 Li q� ' 7q wkhq wkh srolf|pdnhu kdv wkh vdph glvfrxqw
idfwru dv wkh phgldq yrwhu1 Wkh lqgl�huhqfh fxuyh iru wkh srolf|pdnhu +dqg
wkh phgldq yrwhu, kdv d }hur vorsh dw wkh htxloleulxp E_W� cl

W
3��� Krzhyhu/ wkh

phgldq yrwhu zrxog suhihu d srlqw vxfk dv � rq wkh fxuyh l3�E_��� Wklv fdq
eh dfklhyhg e| hohfwlqj d srolf|pdnhu zlwk d orzhu glvfrxqw idfwru1 Lqghhg/
dvvxph wkh rwkhu srolf|pdnhuv* glvfrxqw idfwruv duh jlyhq/ dqg orzhu srolf|0
pdnhu �*v glvfrxqw idfwru iurp 7q wr q�� Wklv vkliwv klv ehvw uhvsrqvh fxuyh
rxw dqg wr wkh uljkw1 Wkh qhz ehvw uhvsrqvh ixqfwlrq �-�El3� m q

�� lv wkh
grwwhg olqh lq Ilj1 41 Zlwk wkh qhz glvfrxqw idfwru/ wkh htxloleulxp dprqj
wkh srolf|pdnhuv lv dw wkh srlqw ��

Ri frxuvh/ wkh phgldq yrwhuv lq wkh rwkhu glvwulfwv zloo wu| wr h{sorlw
wkh vlwxdwlrq lq d vlplodu zd|1 Frqvlghu wkh jdph sod|hg ehiruh shulrg rqh
dprqj wkh phgldq yrwhuv lq hdfk glvwulfw/ zkhuh wkh phgldq yrwhuv lq hdfk
glvwulfw vlpxowdqhrxvo| fkrrvh d glvfrxqw idfwru iru wkhlu rzq srolf|pdnhu1
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Dq hohfwrudo htxloleulxp dprqj wkh phgldq yrwhuv lv d vhw ri glvfrxqw idfwruv
EqW

�c ���c q
W
&� vxfk wkdw hohfwlqj d srolf|pdnhu zlwk glvfrxqw idfwru qW

� pd{0
lpl}hv wkh olihwlph xwlolw| ri wkh phgldq yrwhu lq glvwulfw �c jlyhq udwlrqdo
h{shfwdwlrqv derxw wkh hohfwlrqv lq wkh rwkhu glvwulfwv1 Wkh �qdo rxwfrph ri
wkh jdph lv wkh +xqltxh, htxloleulxp dprqj wkh hohfwhg srolf|pdnhuv1

Frqvlghu wkh phgldq yrwhu lq glvwulfw �/ zkr eholhyhv wkh srolf|pdnhuv lq
wkh rwkhu glvwulfwv zloo kdyh glvfrxqw idfwruv EqW

�c ���q
W
�3�c q

W
�n�c ���c q

W
&�1 Wkhvh

glvfrxqw idfwruv lqgxfh wkh fxuyh l3�E_�� ghslfwhg lq Ilj1 51 D srolf|0
pdnhu lq glvwulfw � zlwk glvfrxqw idfwru f zrxog kdyh d ehvw uhvsrqvh fxuyh
�-�El3� m f� jlyhq e| wkh yhuwlfdo olqh dw �

�no
� D srolf|pdnhu zlwk glvfrxqw

idfwru � zrxog kdyh vrph ehvw uhvsrqvh fxuyh �-�El3� m �� dv gudzq1 Jlyhq
wkh glvfrxqw idfwruv fkrvhq lq wkh rwkhu glvwulfwv/ wkh phgldq yrwhuv lq glv0
wulfw � fdq dwwdlq dq| srlqw rq l3�E_�� ehwzhhq wkh wzr ehvw uhvsrqvh fxuyhv
�-�El3� m f� dqg �-�El3� m �� e| fkrrvlqj q� ehwzhhq }hur dqg rqh1 Lq dq
htxloleulxp dprqj wkh phgldq yrwhuv/ wkh phgldq yrwhu lq glvwulfw � pd{l0
pl}hv klv olih wlph sd|r� lq wklv ihdvleoh vhw1

Iru wkh fdvh & ' 2c dq htxloleulxp dprqj wkh phgldq yrwhuv lv uhsuhvhqwhg
lq Ilj1 61 Wkh wzr fxuyhv duh �-� � �-�E_2 m q�� dqg �-2 � �-2E_� m
q2�� Wkh htxloleulxp dprqj wkh srolf|pdnhuv lv E_W�c _

W
2�1 Dw E_W�c _

W
2� wkh

lqgl�huhqfh fxuyh iru wkh phgldq yrwhu ri glvwulfw 4 lv wdqjhqwldo wr wkh fxuyh
�-21 Wklv lpsolhv wkdw wkh srolf|pdnhu lq glvwulfw � pxvw kdyh d glvfrxqw
idfwru q� zklfk lv orzhu wkdq wkh phgldq yrwhu*v/ ehfdxvh wkh srolf|pdnhu*v
lqgl�huhqfh fxuyh lv  dw dw wkh srlqw E_W�c _

W
2�� Lq wklv vhqvh wkh srolf|pdnhu

lv pruh �vkruwvljkwhg� wkdq wkh phgldq yrwhu1 D vlplodu vwdwhphqw krogv iru
glvwulfw 2� Wkxv/ lq dq| lqwhulru htxloleulxp erwk srolf|pdnhuv duh vwulfwo|
pruh lpsdwlhqw wkdq wkh phgldq yrwhu/ dqg wkh vlwxdwlrq zlwk & : 2 lv
fohduo| vlplodu1 Pruhryhu/ vlqfh orzhulqj q� ehorz 7q vkliwv wkh ehvw uhvsrqvh
ixqfwlrqv �rxw�/ lw lv fohdu wkdw wkh htxloleulxp ghew ohyhov zloo eh kljkhu
wkdq li wkh srolf|pdnhuv* glvfrxqw idfwruv kdg ehhq 7q�

Wkh uhsuhvhqwdwlyh ghprfudf| wkdw zh kdyh mxvw glvfxvvhg fdq eh frq0
wudvwhg zlwk gluhfw ghprfudf|1 Lq d gluhfw ghprfudf|/ orfdo ghew ohyhov duh
ghwhuplqhg e| d uhihuhqgxp lq hdfk glvwulfw1 Lq wkh uhihuhqgxp/ wkh ghew
ohyho lv fkrvhq e| wkh phgldq yrwhu gluhfwo|1 Vr wkh phgldq yrwhu klpvhoi
sod|v wkh uroh ri srolf|pdnhu/ dqg wkh ghew ohyhov lq wkh gluhfw ghprfudf|
zloo eh orzhu wkdq wkrvh fkrvhq e| vkruwvljkwhg srolwlfldqv lq d uhsuhvhqwdwlyh
ghprfudf|1 Wr vxp xs/ zh vwdwh=

Wkhruhp 4 Lq dq| lqwhulru hohfwrudo htxloleulxp dprqj wkh phgldq yrwhuv/
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srolf|pdnhu �*v glvfrxqw idfwru lv vwulfwo| orzhu wkdq phgldq yrwhu �*v/ dqg
wkh htxloleulxp ghew ohyhov duh vwulfwo| odujhu wkdq wkh| zrxog eh lq d gluhfw

ghprfudf|1

Zh fdq qrz hoderudwh rq wkh dvvxpswlrq wkdw wkh srolf|pdnhu*v glvfrxqw
idfwru lv frqwuroohg e| wkh phgldq yrwhu1 Wkh ihdvleoh vhw ri �qdo ghew ohyhov
iru wkh yrwhuv lq glvwulfw � duh wkh srlqwv rq l3�E_�� ehwzhhq wkh wzr ehvw
uhvsrqvh fxuyhv �-�El3�c f� dqg �-�El3�c �� lq Ilj1 51 Uhfdoo wkdw sd|r�v
duh frqfdyh lq ghew ohyhov1 Xqohvv wkh fxuyh l3�E_�� lv yhu| pxfk frqfdyh/
hdfk yrwhu zloo kdyh vlqjoh0shdnhg suhihuhqfhv ryhu wklv ihdvleoh vhw1Wklv lv
looxvwudwhg lq Ilj1 71 Vr/ e| wkh vwdqgdug dujxphqw/ wkh Frqgrufhw zlqqhu
lv wkh srlqw suhihuuhg e| wkh phgldq yrwhu18 Iru vwdqgdug xwlolw| ixqfwlrqv
wkh uhdfwlrq ixqfwlrqv duh dfwxdoo| olqhdu1 Lqghhg/ xvlqj htxdwlrq +:, zh �qg
wkdw li �ES� ' S�3w* E�� w� wkhq

�-�El3� m q�� '
��

�
�no

&
q�

��*w
�
�no

&
q�

��*w
n �no

&

�
�no

&�
�no

&
q�

��*w
n �no

&

l3�

Li �ES� ' *? S wkhq

�-�El3� m q�� '
&

�no
� q�

� n q�

�
�

� n q�

l3�

Li �ES� ' �e3�S wkhq

�-�El3� m q�� '
&

� E� n o n &�

%
*?

&

� n o
� *?q�

&
�

� n o

� n o n &
l3�

Ilqdoo|/ li �ES� ' S� bS2*2 wkhq

�-�El3� m q�� ' &
�� b

b

& � E� n o� q�

&2 n E� n o�2 q�

�
E� n o�2 q�

&2 n E� n o�2 q�

l3�

Doo ri wkhvh ehvw uhvsrqvh ixqfwlrqv duh olqhdu lq l3�1 Iurp +48, lw iroorzv
wkdw wkh djjuhjdwh uhdfwlrq ixqfwlrq l3�E_�� lv dovr olqhdu lq hdfk fdvh1 Wkxv/

8Li wkh phgldq yrwhu lq glvwulfw l kdv vlqjoh0shdnhg suhihuhqfhv ryhu �
l
> wkhq wkh| duh

dxwrpdwlfdoo| txdvl0frqfdyh1 Wkxv/ e| d vwdqgdug dujxphqw/ h{lvwhqfh ri d +sxuh vwudwhj|,
htxloleulxp lq wkh jdph dprqj wkh phgldq yrwhuv lv jxdudqwhhg1 Vhh Ixghqehuj dqg Wluroh

+4<<4,/ Fkdswhu 416161
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lq hdfk fdvh wkh vlwxdwlrq lv dv lq Ilj1 7 +zlwk olqhdu l3�E_��, dqg yrwhu
suhihuhqfhv ryhu wkh srolf|pdnhu*v glvfrxqw idfwru duh vlqjoh shdnhg1 Wkh
phgldq yrwhu*v suhihuuhg srlqw lv wkh Frqgrufhw zlqqhu1

Uhihuhqfhv

Durqvrq/ U1 dqg M1 Klooh| +4<;9,/ Ilqdqflqj Vwdwh dqg Orfdo Jryhuqphqwv/

Wkh Eurrnlqjv Lqvwlwxwlrq/ Zdvklqjwrq G1F/

Dwnlqvrq/ D1E1 dqg M1H1 Vwljolw} +4<;3,/ Ohfwxuhv lq Sxeolf Hfrqrplfv/
PfJudz0Kloo/ Qhz \run1

Ehvoh| W1/ dqg V1 Frdwh +4<<:,/ �Dq Hfrqrplf Prgho ri Uhsuhvhqwdwlyh
Ghprfudf|�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 445= ;804471

Elug/ U1 +4<;9,/ Ihghudo Ilqdqfh lq Frpsdudwlyh Shuvshfwlyh/ Fdqdgldq Wd{
Irxqgdwlrq/ Wrurqwr

Elug/ U1 dqg Q1 H Vodfn +4<;6,/ Xuedq Sxeolf Ilqdqfh lq Fdqdgd/ Exwwhu0
zruwkv= Wrurqwr

Euxfh/ Q1 +4<<8,/ �D Ilvfdo IhghudolvpDqdo|vlv ri Ghew Srolflhv e| Vryhuhljq
Uhjlrqdo Jryhuqphqwv�/ Fdqdgldq Mrxuqdo ri Hfrqrplfv/ vxssohphqw
/ 5;= 4<80539

Fkdul/ Y1 / O1 Mrqhv/ dqg U1 Pdulprq +4<<9,/ �Wkh Hfrqrplfv ri Vsolw
Yrwlqj lq Uhsuhvhqwdwlyh Ghprfudwlhv� Dphulfdq Hfrqrplf Uhylhz

Gdo|/ J1 +4<9<,/ �Wkh Exughq ri wkh Ghew dqg Ixwxuh Jhqhudwlrqv lq Orfdo
Ilqdqfh�/ Vrxwkhuq Hfrqrplf Mrxuqdo/ 69= 77084

Gl{lw/ D1 +4<;9,/ �Frpsdudwlyh Vwdwlfv lq Roljrsro|�/ Lqwhuqdwlrqdo Hfr0
qrplf Uhylhz/ Iheuxdu| 4<;9/ 5:=43:0455

Hssoh/ G1 dqg F1 Vsdww +4<;9,/ �Vwdwh Uhvwulfwlrqv rq Orfdo Ghew= Wkhlu
Uroh lq Suhyhqwlqj Ghidxow�/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 5<= 4<<0554

Iduuhoo/ M dqg F1 Vkdslur +4<<3,/ �Krul}rqwdo Phujhuv= dq HtxloleulxpDqdo0
|vlv�/ Dphulfdq Hfrqrplf Uhylhz/ ;3=43:0459

Ixghqehuj/ G1 dqg M1 Wluroh +4<<4,/ Jdph Wkhru|/ PLW Suhvv

4:



Ihuvkwpdq F1/ N1 Mxgg dqg H1 Ndodl +4<;:,/ �Htxloleulxp Lqfhqwlyhv lq
Roljrsro|�/ Dphulfdq Hfrqrplf Uhylhz/ ::= <5:0<73

Mhqvhq/ U1 dqg H1I1 Wrpd +4<<4,/ �Ghew lq d prgho ri wd{ frpshwlwlrq�/
Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 54= 6:406<5

Pdwkhzv/ U1 +4<;9,/ �Wkh Dxvwudoldq Ordq Frxqflo= Fr0ruglqdwlrq ri Sxe0
olf Ghew Srolflhv lq d Ihghudwlrq� lq Sxeolf Ilqdqfh dqg Sxeolf Ghew/

Ehuqdug S1 Khuehu/ hg1/ Zd|qh Vwdwh Xqlyhuvlw| Suhvv/ Ghwurlw

PfHdfkhuq/ Z1 +4<:;,/ �Froohfwlyh Ghflvlrq Uxohv dqg Orfdo Ghew Fkrlfh�/
Qdwlrqdo Wd{ Mrxuqdo/ Mxqh/ 45<0469

Rdwhv/ Z1 H1 +4<:5,/ Ilvfdo Ihghudolvp/ Kdufrxuw/ Eudfh/ Mrydqrylfk/ Lqf1/
Qhz \run

Shuvvrq/ W1 dqg O1 Vyhqvvrq +4<;<,/ �Zk| d Vwxeeruq Frqvhuydwlyh zrxog
Uxq d Gh�flw�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 437= 6580678

Shuvvrq/ W1 dqg J1 Wdehoolql +4<<5,/ �Wkh Srolwlfv ri 4<<5= Ilvfdo Srolf|
dqg Hxurshdq Lqwhjudwlrq/ Uhylhz ri Hfrqrplf Vwxglhv 8<= 9;<0:34

Vfkxow}/ F1 dqg W1 Vmùvwuùp +5333,/ �Orfdo Sxeolf Jrrgv/ Ghew dqg Pljud0
wlrq� Iruwkfrplqj/ Mrxuqdo ri Sxeolf Hfrqrplfv

Vphndo/ F1 +4<;9,/ �Lqvwlwxwlrqdo Ghew Uhvwulfwlrq Uxohv dw wkh Ohyho ri
Orfdo Jryhuqphqw dqg Wkhlu Doorfdwlrqdo dqg Vwdeolvlqj H�hfwv lq
Vzlw}huodqg/ IU Jhupdq| dqg Dxvwuld�/ lq Sxeolf Ilqdqfh dqg Sxeolf

Ghew/ Ehuqdug S1 Khuehu/ hg1/ Zd|qh Vwdwh Xqlyhuvlw| Suhvv/ Ghwurlw

Wdehoolql/ J1 +4<;:,/ �Prqh|/ Ghew dqg Gh�flwv lq d G|qdplf Jdph�/ Mrxu0
qdo ri Hfrqrplf G|qdplfv dqg Frqwuro 43= 75:075

Wdehoolql/ J1 dqg D1 Dohvlqd +4<<3,/ �Yrwlqj rq wkh Exgjhw Gh�flw�/ Dphu0

lfdq Hfrqrplf Uhylhz/ ;3/ 6:07<

Ylfnhuv/ M1 +4<;8,/ �Ghohjdwlrq dqg wkh Wkhru| ri wkh Ilup�/ Hfrqrplf

Mrxuqdo +vxssohphqw, <8=46;047:

Zlogdvlq/ G1H +4<;:,/ �Wkhruhwlfdo Dqdo|vlv ri Orfdo Sxeolf Hfrqrplfv�/
lq Duurz/ N1M dqg P1G1 Lqwulooljdwru/ Hgv1= Kdqgerrn ri Uhjlrqdo dqg

Xuedq Hfrqrplfv/ Qruwk0Kroodqg/ Dpvwhugdp
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