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Abstract

On many online auction sites it is now possible for a seller to augment his auction with a maximum
or buy-out price. The use of this instrument has been justified in “one-shot” auctions by appeal to
impatience or risk aversion. Here we offer additional justification by observing that trading on internet
auctions is not of a “one-shot” nature, but that market participants (sellers as well as buyers) expect
more transactions in the future. This has important implications when bidders desire multiple objects.
Specifically, it is shown that an early seller has an incentive to introduce a buy-out price, if similar
products are offered later on by other sellers. The buy-out price will increase revenue in the current
auction, but revenue in future auctions will decrease, as will the sum of revenues. When the first
seller sets his buy-out price optimally, the sequence of auctions is inefficient, in the sense that the first
item may be awarded to a bidder who would have received none in an efficient selling mechanism.
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1 Introduction

The presence of buy-out prices' in online auctions has thus far been explained by focusing on a single

auction and assuming that individuals exhibit either risk aversion or impatience.” In this paper we take
a somewhat broader view of auction markets, realizing, in particular, that buyers and sellers alike are
aware of the fact that new products will be offered on the market in the future. This will tend to depress
revenue in today’s auctions, as buyers know that close substitutes will be offered tomorrow. In this
dynamic environment we will show that there is good reason for an early seller to introduce a buy-out
price, even if agents are patient and risk neutral.’

Buy-out prices or maximum prices in online auctions were noted by Lucking-Reiley (2000) in his
empirical overview of auction activities on the Internet. Since (sell) auctions are ostensibly staged to
illicit high prices in situations where markets are thin and sellers are short on information about the
willingness-to-pay of potential buyers, such buy-out prices may appear surprising. In fact, Lucking-
Reiley explicitly posed this as a challenge to theorists. In addition, he quoted evidence to suggest that
the exercise of posted buy-out options is not uncommon in online auctions.*

Reynolds and Wooders (2003) provide some additional information on the frequency of buy-out prices
in Yahoo! and eBay auctions, though, not on the frequency with which the option was exercised by some
bidder. The categories sampled on March 27, 2002, were automobiles, clothing, DVD players, VCR’s,
digital cameras and TV sets. A total of 1.248 auctioned items were sampled from Yahoo!, of which 842
had a buy-out price posted by the seller (roughly, 66%). In similar fashion, 31.142 auctioned items were
sampled from eBay, of which 12.480 had a buy-out price posted by the seller (roughly, 40%). There is
some variation across the categories of goods sampled, but the frequency of buy-out prices never drops
below 25% in the sample. Hence, in these categories, at least, the appearance of buy-out prices is very
frequent.

For eBay, Mathews (2002) presents some numbers on the frequency with which buy-out options are
exercised when offered.’ For two categories of games (racing and sports) for Sony PS2, Mathews reports
that on January 29 - 30, 2001, 210 items were on offer. A buy-out option was available on 124 items
(59%), and it was exercised 34 times (27% of the times it was offered). So, at least in these categories,
the exercise frequency is high.

Formally, we analyze eBay’s version of a buy-out price, termed the Buy It Now price. Here is how
the Buy It Now price roughly works from the seller’s viewpoint:® “If a buyer is willing to meet your Buy
It Now price before the first bid comes in, your item sells instantly and your auction ends. Or, if a bid
comes in first, the Buy It Now option disappears. Then your auction proceeds normally.” Hence, in eBay
auctions, the buy-out price is temporary.”

Throughout this paper we assume that potential buyers or bidders have multi-unit demands, with
diminishing marginal utility. With two objects for sale and at least two bidders, it has been shown by

L Alternatively, this is often referred to as buy prices or mazimum prices. In offline settings, this phenomenon also has
a certain affinity with “$xx or best offer”, where it is, presumably, implicit that, if someone makes an offer of $zz, then
the trade is finalized immediately, while if someone makes a lower offer initially, then the seller will wait a while to see if a
better offer comes along. Also, a buy-out price has a certain similarity with a massive jump bid intended to end an auction
quickly.

2See, Budish and Takeyama (2001), Mathews (2002), Reynolds and Wooders (2003) and Hidvégi, Wang and Whinston
(2003).

3Throughout this paper potential buyers bid non-cooperatively. In future work we hope to return to the use of buy-out
prices in auctions where sellers try to respond to possible bidder collusion.

4He quotes the case of LabX (a lab equipment auction site), where buy-out options are exercised by some bidder in 10%
of the cases where they appear. Hence, buy-out prices do more than just attract attention.

5He also presents aggregate numbers on the frequency with which buy-out prices are offered at eBay. The reported
range around 40% is roughly in line with the numbers reported for specific categories by Reynolds and Wooders (2003).

6For more details on the eBay version and other versions of a buy-out price, see e.g. Lucking-Reiley (2000), Budish and
Takeyama (2001), Mathews (2002) and Reynolds and Wooders (2003).

"For more details on the Buy It Now feature in eBay auctions the reader should consult
pages.ebay.com/help/sell/bin.html. eBay introduced this feature in January 2001.



Black and de Meza (1992) that auction revenue will increase over time and that the auction outcome is
efficient under these assumptions. In particular, in a sequence of second-price or English auctions, the
seller offering his good today will not earn as much as a competing seller offering a similar good tomorrow,
that is, prices are increasing.8

However, for the case with two competing sellers, we show that the first (i.e., the early) seller can
always increase his revenue by introducing a buy-out price. The revenue to the second seller is adversely
affected, as is overall revenue. An optimally chosen buy-out price in the first auction also introduces
inefficiency, in the sense that a bidder who should have won no object wins one. Our analysis is partial in
the following sense. We consider a sequence of two second-price (or English) auctions, allowing the first
seller the possibility of introducing a buy-out price without giving the second seller the opportunity to
respond in kind. Thus, we essentially show that an auction market without buy-out prices is unstable,
in the sense that current sellers will try to force the auction site to (at least temporarily) allow buy-out
prices.”

The rest of the paper is organized as follows. In Section 2 we set up a simple model and present the
results for the bench-mark case where a sequence of two second-price auctions is staged. Then, Section
3 shows that the first seller among a pack of competing sellers can increase his lot by offering a buy-out
price and presents results on the path of revenues, the optimal buy-out price and the overall efficiency of
the string of auctions. In Section 4 we comment further on the relationship between the buy-out price,
total revenue and efficiency. In addition, this section remarks on the robustness of our main result to
changes in the auction format (second-price vs. English auction) and the nature of the buy-out option
(temporary vs. permanent). Section 5 provides a detailed discussion of an example with uniformly
distributed valuations, while Section 6 contains a few concluding remarks. A selection of proofs is in the
Appendix.

2 Model and Bench-Mark

In this section we first set up the model and then derive results for the bench-mark case where a sequence
of two second-price auctions is staged.

We assume that two objects are offered for sale sequentially,!” and that there are n potential buyers
on the market. Each buyer i, i = 1,2,...,n, is characterized by a type, v;, drawn from a continuously
differentiable distribution function, F'(v;), without mass points. The associated density is referred to as
flv) = dl;(v’) 1 We assume that v; € [0,9]. The value to bidder i of the first unit purchased is v;, while
the value of the second unit is kv;, 0 < k < 1. Hence, each bidder desires both units, but individual
demands are downward sloping.

Below, we shall occasionally take the perspective of a particular bidder, 7, and label his rivals 7,

=1,2,...,n — 1. Now, i’s competitors have random valuations of the first item denoted y; which we

81n fact, Black and de Meza (1992) were interested in what some have referred to as The Declining Price Anomaly.
Therefore, they went on to consider an option of the following kind: the winner of the first item is given the option of
buying the second item at the same price. This, apparently, is observed in certain multi-unit auctions, and it is enough to
lead to a declining price path.

9In a previous paper (see Kirkegaard and Overgaard (2003)), we considered the consequences of buy-out prices for a
single seller intending to sell two objects when there are only two potential buyers. We showed that this seller can increase
his total expected revenue by augmenting the second auction with a buy-out price, which depends on the outcome of the
first auction. The buy-out price should be set fairly low, thus allowing the winner of the first auction a disproportionately
large chance of winning the second auction as well. Hence, in that case too, the sequence of auctions is inefficient, in the
sense that one buyer may win two objects when efficiency dictates he should only win one. This will cause overall revenue
to increase. The reason is the same as that which induces a monopolist to offer quantity discounts that are detrimental to
efficiency: buyers with high demand contribute with higher marginal revenue on two objects than buyers with low demand
do on one object.

10The two objects are considered homogenous by the bidders, or they are simply two units of the same good.

I'Tn order to derive expressions for expected payoffs below, we shall assume that F' is three times continuously differen-
tiable.



order as y; > Y2 > .... > yn_1. This allows us to refer to bidder j as bidders i’s jth-strongest rival. When
relevant, we shall let ¢ be male and all the rivals female. Also, when appealing to the order-statistics,

we shall generally refer to F,, ,(z) as the distribution function of the m’th-highest of n draws, with

associated density fn, n(x) = MTTZ(I).

Throughout, we assume that two different sellers each own one object initially. The two objects are
offered sequentially, and we allow the first seller to stipulate a buy-out price of the eBay-variety (Buy It
Now). Thus, in the general case we consider the following augmented game:

1 Seller 1 announces a buy-out price, B. At this stage bidders can submit a bid of B or refrain from
bidding. The object is sold at the price B if at least one bidder bids B. If several bidders bid B,
one bidder is picked at random to win. If no one bids B, a normal second-price auction is staged.
The price can exceed B in this event.

2 Seller 2 auctions off the second item, using a second-price auction.

In the first stage of this game, the bidders first have to decide whether to take the buy-out price B or
leave it. If one or more bidders take the buy-out price, the first auction ends, and the winner pays B. If
no one takes the buy-out price, the first stage continues to a standard second-price auction. The second
stage simply consists of a standard second-price auction.

First, though, we summarize the results of the bench-mark case, where no buy-out price can be
stipulated by the first seller (or, that it is set so high as to be irrelevant for the play of the game).

2.1 The bench-mark: Two straight second-price auctions

To keep the analysis simple, we ignore the use of reserve prices in the following.'? In this setting, Black
and de Meza (1992) were the first'® to solve for equilibrium strategies in a sequence of two second-price,
sealed bid auctions, under more general assumptions than those considered here.!* Applied to our set of
assumptions, they find the following.

Proposition 1 (Black and de Meza (1992)) When there are n a priori symmetric bidders in the
game, the unique symmetric equilibrium is for agent i to bid E(max{ky1,y2} | y1 = v;) in stage one, and
to bid v; in stage two if stage one was lost, and kv; otherwise. The equilibrium outcome is efficient, and
expected revenues are increasing from the first to the second auction.

Thus, in the last round, a bidder simply bids his valuation of the remaining object. This, however,
depends on whether the bidder won or lost the first object. In the first round, each bidder essentially bids
what he expects it to take to win the second if he just loses the first. This, however, is the expectation
of the maximum of &k times his valuation for the first item won and the valuation of the first unit won by
his second-strongest rival.

To see what is going on here, we first note that in case of symmetric, increasing bidding strategies,
the fine details of any bidder’s bid function are only consequential if there happens to be a rival bidder
who has a valuation very close to that of the bidder in question. Hence, in equilibrium a bidder’s strategy

12Reserve prices are generally useful because they allow sellers to ration output by excluding potential buyers with low
valuations. Reserve prices, thus, affect the probability that objects are sold. The effect of buy-out prices is different. In
particular, buy-out prices do not influence the probability that objects are sold, but they may change the identity of the
winners. It follows that a buy-out price is not a substitute for a reserve price, and that it may have a role to play, even
when a reserve price is present.

13See also Katzman (1999).

14Black and de Meza explicitly consider sealed-bid auctions, while they also have an informal discussion of English
auctions. Février, Roos and Visser (2003), on the other hand, focus on English auctions. See Section 4 below for some
further comments.



is pinned down by an indifference relation: the bidder should be indifferent between winning and losing,
if his strongest rival is identical to himself.

In a one-shot, second-price auction bidder i essentially bids what he expects it to take to win the
item, if he is the “top dog” - the high-valuation bidder - and there is someone like him among the rivals.
The relevant indifference relation can be written as

just winning just losing
=~
vi —b(E(y1 |y1 = vi)) = 0

However, E(y1 | y1 = v;) = v;, and the optimal bid of ¢ is given by

b(Uz') = E(yl | Y1 = Ui) =V

Thus, we obtain the familiar result that it is optimal for bidder ¢ to bid his valuation.

In a sequence of two second-price auctions things are a little more complicated. Consider the last
round first. If ¢ won the first item, his valuation of the second item is kv;. Then, in the last round, bidder
i’s indifference relation is predicated on y; = kv; (the strongest rival is like him at this stage). Thus, we
can write

just winning second just losing second
~ =
2
kvi = b (E(y1 [ 11 = kvi)) = 0

where b?(-) denotes the second-round bid. Noting that E(y1 | y1 = kv;) = kv;, we obtain
V(E(y1 | y1 = kvy)) = b*(kvi) = kv; = E(y1 | y1 = kvy)

Similarly, if ¢ lost the first item, his valuation of the second item is v;. Then, in the last round, bidder
©’s indifference relation is predicated on max{ky1,y2} = v; (the strongest rival is like him at this stage).
We can write this as

just winning second just losing second

=~
v; — bQ(E(maX{kyl,yg} | max{kyi,y2} =v;)) = 0

and we obtain

bQ(E(maX{kyl,w} |  max{ky1,y2} =v;)) = bZ(UZ')
= v; = E(max{ky1,y2} | max{kyr,y2} = v;)

The upshot is that bidder i should bid kv; in the last round if he won the first and v; if he lost. This is
just bidding one’s value in the last round.

More interestingly, consider the first round. We note that if 4 is the “top dog” and there is someone
like 7 in the pack of rivals, then they each win one item in equilibrium.!® Hence, optimal bidding by i
in the first round is derived from an indifference between winning the first and the second item, which
(using the results already derived) we can write as

just winning first and losing second just losing first and winning second
[v; — bl (v;) |40 = 0+ [v; — E(max{ky1,y2} | 11 = v:)]

b (y1) with y1 = v,

15>When strategies are symmetric and increasing, the first auction is won if the toughest rival has a lower valuation, and
lost if the toughest rival has a higher valuation. If the toughest rival has the same valuation as the agent himself, there is
a tie, and the winner of the first auction is determined by chance. We argue that the agent must be indifferent between
winning and losing the first auction in this case. Assume, to the contrary, that the agent prefers to win (lose) against an
identical, strongest rival. Then, the agent should bid more (less) aggressively at the outset to win (lose) with probability
one (rather than one half). This implies that the original strategies are not in equilibrium, unless the indifference condition
is satisfied.



Thus, in the first auction, bidder i should bid what he expects to have to pay to win the second, if he
just loses the first. That is, optimal bidding in the first round is captured by

b'(vi) = E(max{ky1,y2} | y1 = v;) = E(max{kv;, y2} | y1 = v;)

In the general case with n bidders, we conclude that bidder ¢ should bid the expectation of the mazimum
of k times his strongest rival’s valuation of the first item and his second-strongest rival’s valuation of the
first item predicated on the strongest rival being identical to himself.

Essentially, the reasons why the expected revenue in the second auction is higher than in the first are
as follows. Since auctions are both “second price”, their prices (hence, revenues) are determined by the
runners-up, that is, the bidders with the second-highest marginal valuations. Furthermore, any bidder
bases his bid in the first auction on the assumption that his strongest rival has the same valuation. Note
that if the runner-up and the winner of the first auction indeed have the same valuations, expected prices
(revenues) will be constant, which is just another way of stating the indifference condition. However,
the probability that the valuations of two bidders coincide is zero. In a sense, the runner-up of the first
auction underestimates the valuation of the winner or the price in the second auction. Hence, expected
prices (revenues) are increasing.'®

Finally, for later reference, let us remark on the special, two-bidder case. When n = 2, y5 is zero by
construction, and the optimal bid of ¢ in the first auction reduces to

b'(v;) = E(max{ky1,y2} | y1 = v;) = E(max{ky1,0} | y1 = v;) = kv

Hence, in the first round a bidder simply bids as he would in a second round after winning the first.
The next two results further characterize the first-round bidding and the associated expected revenues.

Lemma 1 The optimal bidding strategy in the first auction can be written as

_ kvFy g o(kv) + f,:v T fin—o(x)dx
Fip—2(v)

where Fy ,_o(z) = F""2(x) is the distribution function of the first-order statistic in a sample of n — 2,

while f1n—2(z) = (11?1,27;2(9;) = (n —2)F"3(z)f(x) is the density.

b (v)

(1)

Proof. First note that b'(v) = E(max{kyi,y2} | y1 = v) can be rewritten as b'(v) = E(max{kv,ya} |
y1 =v) = E(max{kv,y2} | y2 < v). But, F(max{kv,y2} | y2 < v) is just

fokv kv fin—2(y2)dys + [1, Y2.f1.n—2(y2)dy2
Fipn—2(v)

kvFy o (kv) + [1) y2fin—2(y2)dys

Fin_a(v)

E(max{kv,y2} | y2<v)=

as stated in the lemma. m

In the following, we let
0,
m(v) = mln{E,U}

Notice that if the runner-up in the first auction has type v, he will win the second auction if the highest
rival type (that belonging to the winner of the first auction) is between v and m(v), since in that case
the winner of stage one will bid at most km(v) < v. However, if the highest rival type is between m(v)
and U, the bidder will be the runner-up in both auctions. We can then state the following result.

160Observe that if kK = 0 (unit demands), the fact that the runner-up underestimated the valuation of the winner is
irrelevant, because the winner does not compete in the second auction.



Lemma 2 In two straight second-price auctions with n bidders, the expected revenues in the first and
second auctions are, respectively,

Fr=2(kv)

sSSP _ v v
ERl = /0 k Fn— 2()f2n()
@R Fm)?
o T Fo) Jonlv)d .
and
eyt = [0 i) g e
v F(v)— F(kv) F"%(kv
R e 3)
7 (F(m(v) — F(v))®
), PG e
where fon(z) =n(n—1)(1 — F(x))F"%(x) f(z) is the density of the second-order statistic in a sample

of n, while f3,(x) = M(l F(x))2F"=3(z) f(x) is the density of the third-order statistic.
Proof. See Appendix. m
To see what is going on here, note that we can write (1) as

k"UFl,n,Q(k‘U) + [ZCFl,n,Q(ZC)]ZU — fkvv Fl,nfg(ib)dw
Fl,n72(v>

bl(v) =

or

fkvv FLn,Q(LL')d.’E
Fl,n—Q(U)

from which is is more clear how bids in the first auction are shaded below the valuation of the first item

won. If bidders have horizontal demands, k = 1, then bids are not shaded, that is, b'(v) = v. In contrast,

AP . o . - Jo Fin—o(@)de  [J afin_o(z)dx
if bidders have unit demands, k = 0, then bids are shaded to b'(v) = v — 22 Fll_n,;(u) =4 F:n,,j(v) ,

which is essentially just the expected value of the strongest remaining rival in the second auction once
an equal rival has been eliminated by winning the first auction.

To intuitively understand the second-round revenue in (3), recall that bidding strategies are simple in
the second auction, in the sense that all bidders will simply bid their relevant valuations. Thus, bidder
i will bid b?(v;) = kv;, if he won the first auction, and b%(v;) = v; otherwise. This will allow us to write
ER5’ as the sum of three terms following from three types of events: (1) the winner of the first auction
wins again, (2) the winner of the first auction does not win again but is the runner-up and (3) the winner
of the first auction does not win again nor is the runner up. Let x denote the valuation of the winner
of the first auction, while y; and y» denote the valuations of his strongest and second-strongest rivals,
respectively. Thus, x > y1 > .

The winner of the first auction also win the second auction if z > kx > y; > yo, in particular, if
x > 4. Writing the first term in (3) as

STy
/0 Y1+ T(ykl) - fan(y1)dy:

bl(v) =v—




captures the revenue contribution when the winner of the first auction also wins the second auction at a
price of y;. The winner of the first auction is the runner-up in the second auction if x > y; > kx > yo,
in which case the bidder with valuation y; wins the second auction at a price of kx. The second term in
(3) written as

/F . F(z) = F(kz) F"?(kz)
0 1-F(z)  Fr3(x)

fon(x)dz

captures the revenue contribution in this event. Finally, the winner of the first auction is neither the
winner nor the runner-up of the second auction if x > y; > yo > kx. In this event, the bidder with
valuation y; wins the second auction at a price of yo. Then, the third term in (3) written as

[ Elme) =P
0 A Fw)?

captures the revenue. : B

We further note that ERYST — ["vfs,(v)dv = E(vg) and ERSSF — [Jvfs,(v)dv = E(vjg)
as k — 0, where E(’U[g]) is the expectation of the third-highest of n independent random draws from
F(v). This, however, is just a special version of Weber’s (1983) result that a sequence of second-price (or
English) auctions where bidders have unit demands yields the same expected revenue to all sellers. Notice
further that with only two bidders and two items for sale, the equilibrium revenue is zero to both sellers.
It is impossible to extract rent from buyers when there is no excess demand, recalling our assumption of
no reserve prices.'”

Similarly, we note that ERYSY — [ vfs,(v)dv = E(vpy) and ERSSY — [Mvfo,(v)dv = E(vy) as
k — 1. E(vjg) is just the expectation of the second-highest of n independent randoms draws from F'(v).
When k = 1, individual demands are horizontal, and the behavior in the second auction is independent
of the outcome of the first auction. The high-valuation bidder will win both objects at a price of vy,
and revenue is the same in both auctions.

f3.n(y2)dy2

Given the increasing path of revenues over two straight second-price auctions, it is clear that the first
of two competitive sellers has an incentive to change the auction format.'® In this paper we shall restrict
attention to the possible role of a buy-out price in the first auction when two competing sellers are selling
identical objects. The first seller is interested in shifting revenues from the second to the first auction,
while we shall also be interested in the consequences for efficiency and total revenue when the buy-out
price is set optimally by the first seller.!? A mechanism may be inefficient in the present case, in the
sense that it may (probabilistically) allocate an object to a bidder who would have received no object
in an efficient mechanism. As we shall see this will be a feature of the mechanism for the case with two
competing sellers where the first seller sets an optimal buy-out price.?°

17Qur general argument above for the n bidder case captures further aspects of Weber’s results. With & = 0 (unit
demands) bidding in both the first and the second auction is ultimately based purely on the expected second-highest value
among a bidder’s rivals, thus, on the third-order statistic v3) of the n random valuations. From this it follows that expected
revenue is the same in the two auctions when k = 0 (cf. the observation in the previous footnote).

18 That is, short of moving to the last spot if possible. If selling-time is an endogenous variable, the two symmetric sellers
might conceivably be involved in a war of attrition to become the last seller. This, however, is not the topic of this paper,
and seller positions in the auction sequence are assumed to be exogenous.

19Tn Kirkegaard and Overgaard (2003) we also considered the case where there is a single seller who attempts to sell two
identical objects in a sequence of auctions when n = 2. Absent discounting (impatience), this seller is only interested in
total expected revenue from the two auctions, while he is indifferent as to whether revenues are increasing or decreasing over
the sequence. We showed, however, that a suitably chosen buy-out price in the second auction, depending on the outcome
of the first auction, increases the total expected revenue of a single seller at the potential expense of efficiency.

20Likewise, a mechanism may allocate both objects to a bidder who would only have received one object in an efficient
mechanism. This will arise in the case considered in Kirkegaard and Overgaard (2003), where a single seller sets a buy-out
price in the second auction which depends on the outcome of the first auction.



3 Buy-Out Prices

Next, we allow the first seller to stipulate a buy-out price and consider the augmented game described
above:

1 Seller 1 announces a buy-out price, B. At this stage bidders can submit a bid of B or refrain from
bidding. The object is sold at the price B if at least one bidder bids B. If several bidders bid B,
one bidder is picked at random to win. If no one bids B, a normal second-price auction is staged.
The price can exceed B in this event.

2 Seller 2 auctions off the second item, using a second-price auction.

We first derive the relationship between the level of B and the valuations of bidders who will take this
buy-out price. Then we look at the relationship between the buy-out price and the expected revenues to
the two sellers, including how they are ranked. Finally, we determine the optimal buy-out price for the
first seller and discuss the efficiency properties of the resulting sequence of auctions.

3.1 Equilibrium bidding strategies and expected revenues

We first look for a symmetric equilibrium in this augmented game in which bidders with valuations above
some level ¥ take the buy-out price B in stage 1, while bidders with valuations below ¥ do not. In the
augmented game, it is clear that if no bidder takes B, then it is common knowledge in equilibrium that
both bidders have a type below . That is, beliefs are symmetric, and the logic of Proposition 1 (Black
and de Meza (1992)) applies to the remainder of stage 1 and to stage 2. Hence, in stage 1 bids will be
given by b'(v;) in (1) with v; < 0, Vi = 1,2,...,n. Further, regardless of how the good is sold in stage 1,
it is well known that the bid in stage 2 will be kwv; if bidder ¢ won the first auction, and v; otherwise. In
the following we suppress the subscript when this can be done without confusion.

In the equilibrium of the augmented game, a given value of B will induce a set [0,7] of bidder types
to take the buy-out price B in stage 1. Changing B will change ¥. Hence, we can determine which v to
target, and chose B accordingly. Thus, we write B(7) as the value of B that induces bidder types above
7 to take B in a symmetric equilibrium.

Recall the assumption that if several bidders indicate their willingness to take the buy-out price, the
winner of the first round is determined by lottery. We first state the following lemma.

Lemma 3 In equilibrium, a bidder with valuation above U wins the first stage with probability
. 1-F 0
Pr(WIR) = Ty _1;((@))).
Proof. See Appendix. m
This allows us to state the following result, where Fy ,,(x) = F™(z) is the distribution function of
the first-order statistic in a sample of m, and fi n,(z) = % =mF™ () f(x) is the density.
Proposition 2 Let B(0) be defined by
BO)(1-Fn(@®) = 9l = Fiu@®)—n(l - F@©))F,-1(9)

—%n(n — DA = F@)(F(m(v)) = F0)) F1,n-2(0)] (4)

x

+n(n —1)(1 = F((©)) /O6 (kxFl,n2(kx) +/k yf1,n2(y)dy) f(z)de

x

v T

m(v) 0]
+%n(n—1)(1—F(ﬁ)) / (k:mFLn_g(k:m)—i— /k yfl,n_z(y)dy> f(z)dz
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Then, it is an equilibrium for bidders with v € [0,7] to take the buy-out price B(vV) in stage 1 and for
bidders with v € [v, D) not to and instead bid b*(v).

Proof. Recall that the bid in the first auction, if the buy-out price is not accepted, is equal to the
expected value of the bid in the second auction, given the first auction is lost to a bidder with the same
valuation. That is, bidding proceeds according to

Fino(k £ _
b(2) = by itn=2k0) 7 funey)
Finox)  Jiw Fin-a(z)
which implies that

X

B (0)Frnma(o) = koFun-a(ke) + [ yfinalu)dy
kx
We are now ready to derive the payoff from bidding or not bidding B(¥), given the bidder has valuation
.
By accepting the buy-out price, expected payoff is

kv
EU(B,%) = (3 B(0))Pr(W[o)+ /0 (kD — 2) f1.n_1(z)dz

m(?) 0
=) [ ((akmFl,n_Q(k:nH / @y)fl,n_g(y)dy) f(w)ds.

x

The first term is the expected payoff from the first auction. The second term captures the possibility that
the bidder wins both auctions. Finally, the third term comes from the fact that the bidder may lose the
first auction, but win the second. If he loses the first auction, the winner must have a valuation above
v. If there are several rivals with valuation above v, the bidder will also lose the second auction (since
he, by assumption, has valuation ). Thus, only if there is precisely one bidder among the n — 1 rivals,
is it possible to lose stage one (which then happens with probability .5) and subsequently win stage two.
This, however, requires that the rival has type below m(?), such that his bid in stage 2 will be below .
The price in stage two is clearly the maximum of k£ times the winner’s valuation and the highest of the
other rivals’ valuations.

If the bidder with valuation ¥ decides not to accept B(?), it is optimal for him to outbid everybody
else in the first auction, if the buy-out price is not accepted by any of the rivals. By doing so, he ends
up paying the bid of his strongest rival, b'(v) say, with v < @, and possibly also winning stage two. If he
does not outbid his rivals, he will win stage two, at an expected price of

Fl,n—Q(kU) Y f1,n_2(y)

bl(v) = ko= 2 —— =
(v) Fins(v) kval,n%(U) Y

Hence, if the bidder with valuation ¥ does not bid B(?), his expected payof! is
0 kv
EU(NB,7) — / (5 — b (2)) frn_1 (2)da + / (kD — ) frn1 (2)da
0 0

m(v) v
+(n—1) / ((6—kxm,n2<km>+ /k <6—y>f1,n2<y>dy> f(@)dz

xT

The first term comes from the fact that the bidder outbids everybody else in the first auction, if no one
accepted B(v). The second and third terms are similar to those in EU(B, ), with the exception that
the first stage is now lost with probability one if there is a rival with valuation above .

11



As we are looking for an equilibrium in which B() is accepted if, and only if, the bidder has valuation
above ¥, it must be the case that the bidder with valuation ¥ is indifferent between accepting and not
accepting. This can be written as

B@)(1 — F1,,(v))

1 Fi(@) (1~ F@) [ (5= B (@) i (@) de

m(@) o
~5nln = 1)(1 - F(®)) / [ — k) Fina(k) + /k @9 fina()dy)f ()

Ol = F1n(0) = n(1 = F(0)) Fin1(v) — %ﬂ(n =11 = F@))F1,n—2(0)F(m(v)) — F(9)]
+ /U b (x)n(n —1)(1 — F@))Fy n_o()f(z)dz
0

m(D) 0]
+f (mFl,nm) + [ yfl,M(y)dy) Pnl — F@)(n— 1)f (x)d

Substituting for b!(z), we get

B@)(1 = F1,n(v))

311~ F1.a(8) — (1~ F@)Frn1(5) — 3n(n — (1~ F@)Fin2(6) (F(m(@) ~ F(0))]

nn =11~ F(@) [ ' (kxFl,M(kx) + [ yfl,ﬂ(wdy) f(w)da

m(v) v
+gn(n—1)(1 - F@))/a (kxFl,n—2(kx) +/k yflm—z(y)dy) f(z)dx

xT
as stated in the proposition.
It remains to verify that buyers with type different from 7 have no incentive to deviate. This is done
in the Appendix. m

For later reference, we note that with n = 2, (4) reduces to

B(@)(1-F*@0)) =

v(1—F(©)?*-2(1-F(@®)F@®)— (
v m(v
+/O kw2(1—F(6))f(x)dw+ﬁ

1 - F(@)) (F(m(?)) - F(7)))
)
k(1 — F(©))f(2)dz,

or

B@)(1+ F(2)) V(A +F(@©) - 2F@) - (F(m(@)) - F({)))

v m(v)
—I—/O kaf(x)dav—I—/ kx f(z)dx

m (o)
(1 — F(m(©))) + / kzf(z)dx + /0 kx f(z)dx

<)

<)

0

where we see that B(?) — E(kv) for ¥ — v. However, this is just E(b'(v)|v = y1). In the general case
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with n > 2, applying L’Hopital’s rule to (4) for v — T yields

B@) = (n-1) /:(k:cFl,n_2<k:c>+ /:yfl,n_g(y)dy) fa)da

X

o kxFLn—z(kx)+f;wyf17n,2(y)dy . o

v
— [ P@haa@)ds = EC @ = ),
0
Hence, for ¥ — U, B(v) approaches the expected value of the highest bid among the n — 1 rivals.
Generally, B(-) may not be monotonic, implying that for a given value of B, there could be multiple
symmetric equilibria. However, as shown below, for any distribution and &k € (0, 1), the first seller can
strictly increase his revenue by offering a buy-out price that will be accepted with positive probability.
For given v, equilibrium bidding strategies give rise to expected revenues stated as follows, where

— n — n! — n! _ |
Kym = m ) = min—m and P, ,, = ey = Ky mm!

Proposition 3 The expected revenue in the first auction is

ERi(v) = 0[l = Fin(0) —n(l = F(0))F1n1(v) - %N(n — (1 = F©))F1n-2() (F(m(v)) — F(v))]

+n(n—1) /06 (kal,ng(kv) + /kv yflmg(y)dy) (1= F(v)f(v)dv

v

1 o m® 0
+on(n—1)(1 - F(v))/ (kal,n-z(kv) +/ yflm_z(y)dy) f(v)dv (5)
v kv
while the expected revenue in the second auction is
ER;(v) = E\+Ex:+FEs5+E, (6)
where
B = Pus- / koF (ko)™ 2(F(v) — F(kv))f(v)dv
0

m(®)
4Py [ ko P (ko)™ (F(T;) — (ko) + %(F(v) - F(@))) Fv)dv

VP Y Koni s / " RF@)" 2 (F (ko) — F@)) (F@) — F(kv))f(0)dv

Pz Y Komas g [ WF@ 2 UER) — FE) (- Pln()f(0)do
=0
+P,2- Zl n—2.i ) /6 vF(i)\)n72fi(F(v) _ F(ﬁ))l(l — F(v))f(v)dv



i=0 m(?)
and
1 v n—3 2
B o= Pusege [ ot w)(Pime) - Fw) )
SPs Y Kosi g [ 0P OFQ) - FE) (Fm() - F) ()
g [ P Em) - FE) - Fom(e)f0)do
kv
Ps Y Koai g [ OFTTEEQ) - FE) (- Fln()(Fon(w) - FE)S0)do

Proof. For (5) matters are relatively simple. Expected revenue in the first round is simply given as

ER,(v) = B(v)(1 — F1,,(0)) + /OU b (v)n(F (@) — F(v)) f1.n-1(v)dv

since revenue is B(0) if the highest-valuation bidder has a valuation that exceeds v, and b' (v) if the second-
highest type is = and the highest is somewhere between v and v. Substituting for B(0)(1 — Fi ,,(v)) from
(4), for b*(v) from (1), and noting that fi,—1(v) = (n — 1)F1 ,—2(v)f(v), expected revenue in the first
round can be written as in (5).

For (6) things are somewhat more complicated, and we relegate most of the details to the Appendix.
To give a gist of the argument, we note that the price in the second round, ps, can be either kvy, vs,
kvy or vz. Now, arrange bidders in descending order, v; > vo > ... > v, Then, the four possibilities
contribute the following to expected revenue in stage two.

1. The price in stage two is kvy. This requires that bidder 1 wins stage one (which may involve accepting
the buy-out price) and is the runner-up in stage two, that is, vo > kv; > v3. Hence, we get a revenue
contribution corresponding to F1, where v may be thought of as v;.

If v1 = v is less than v, bidder 1 will win stage one, and the price in stage two is kv if vo > kv > vs,
which explains the first term. If v; > v but kv; < v, the price in stage two is kv only if there is at most
one rival with valuation between ¥ and vy (and the rest have valuations below v;), and that rival lost
the lottery for the buy-out price. This explains the second term. The third comes from the fact that if
kvi > 0, it is possible that the price in stage two is kv; even if several rivals have valuations above v.
However, if 4 + 1 rivals have valuations above v, bidder 1 only wins stage one with probability 1/(i + 2).
This explains the last term.

2. The price in stage two is vy. This requires that bidder 2 does not win stage one, and that she is the
runner up in stage 2. This occurs if either (i) bidder 1 wins stage one and kv, > wva, or if (i) someone
other than bidder 1 or bidder 2 wins stage 1, which in turn means that v, > v3 > . Thus, we get the
contribution Fs, where v may be thought of as vs.

The first two terms capture the possibility that bidder 1 wins stage one and stage 2, which requires
that his type exceeds m(v2). Notice that if there are ¢ 4+ 2 bidders in total with valuations above v, the
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probability that bidder 1 wins stage one is 1/(i 4+ 2). The third term is for cases in which neither bidder
1 nor bidder 2 win stage one, which clearly requires not only that v; and vy are above v, but also that
at least one other bidder has a valuation in excess of v. If there are i such rivals, 7 > 0, the probability
that neither bidder 1 nor bidder 2 win stage one is i/(i + 2).

3. The price in stage two is kvy. This requires that bidder 2 wins stage one (implying that vo > ?) and
is the runner-up in stage two (kvy > v3). Consequently, we get the contribution Fs5, where v may be
thought of as vs.

If v > v, but kve < ¥, the price in stage two can be kvy only if bidder 1 is the only rival with
valuation above ¥, in which case stage one is won by bidder 2 with probability 1/2 (the first term). On
the other hand, if kv > v, the price in stage two may be kvs even if several rivals have valuations above

~

V.

4. The price in stage two is vs. For the price to be v, bidder 3 must lose stage one and be the runner-up
in stage two. Furthermore, if bidder 3 is the runner up in stage two, either bidder 1 or bidder 2 must
have won stage one. However, notice that if v1, vy > m(v3), both would be willing to pay more for the
second unit than vs. Hence, to get a price of vz, it must be the case that either (i) both bidder 1 and
bidder 2 have valuations between vs and m(vs), in which case whoever wins stage one has a willingness to
pay below v3, or (i4) bidder 1’s valuation exceeds m(vs), but bidder 2 wins stage one and has a valuation
between vz and m(vs3), implying that his bid in stage two is below v3. We get the contribution Ey, where
v may be thought of as vs.

The first two terms in FE, are related to the first possibility described,?! while the last two relate to
the second possibility. In particular, if v3 = v, and both v; and vy are between v and m(v), the price in
stage two must be vg if either bidder 1 or bidder 2 won stage 1 (the first two terms). A price of vz = v
is also possible if vy is above m(v), but then it requires that ve is between v and m(v), and that bidder
2 wins stage one (the last two terms). m

3.2 Optimal first-round buy-out price and the path of revenues

We first show that it is optimal for the first seller to introduce a buy-out price which is accepted with
positive probability, i.e., that he is better off targeting some v < v. 22

Proposition 4 The optimal buy-out price is accepted with positive probability. That is, U < 7.

Proof. See Appendix. m

Thus, the ability to offer a buy-out price strictly improves expected revenue to the first seller. Recalling
that prices are increasing in the bench-mark model, this leads to the question of whether the buy-out
price may even allow the first seller to overtake the second seller in terms of expected revenue. The
following proposition answers this question in the negative, and we conclude that it is impossible for the
first seller to “level the playing field” by introducing a buy-out price.

Proposition 5 (Increasing Prices) Regardless of the buy-out price, expected revenue is strictly in-
creasing over the sequence of auctions, that is, ER2(0) > ER1(0),Vv € [0,7].

2171 the second term in E4 we could have written the permutations and combinations as

n—3 2 1
P, K, 2; — .=
ns D Knsi g
=0
This captures more explicitly that either bidder 1 or bidder 2 wins, while ¢ + 3 bidders accept the buy-out price. The
probability that either bidder 1 or bidder 2 wins is then 14%3 See the Appendix for further details.
22In the proof of this result, the reader should note that the assumptions needed for showing the usefulness of a buy-out
price are more demanding for n > 2 than for n = 2. In particular, f/(-) is assumed to exist for the case with more than two
bidders.
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Proof. We can write expected revenue in the first auction as
ER,(v) = / bl (z)n(n — 1)(F(0) — F(x))F"*(z) f (x)dz + B(D)(1 — F"(1))
0

or, after inserting B(?), as
ER(3) = A%M@Mn—mF@—F@»W*@ﬁ@Mm

+ /0” b (x)n(n — 1)(1 — F@)F" () f(x)dz

€T

m(v) 0l 1
+/ (kxFl,n—2(kx) +/ yfl,n—2(y)dy> 5”(” -1 = F@)f(z)dx
v k
. " . EFDPS | . PPN " "
+v {1 — (F"(U) +n(l — F@))F" 1 (?) + §n(n —1)(1 = F@))F" @) (F(m(?)) — F(U)))]
Now, in order to compare ER;(v) with expected revenue in the second auction, we identify four possible

events:

(¢) All n buyers have type below v. The probability of this event is F™(?), or

/ n(n —1)(F@®) — F(x))F" ?(z) f(z)dz.
0
Notice the relationship to the first term in ER;(7)

(ii) Precisely one buyer has type above ¥. The probability of this event is clearly n(1 — F(0))F"~1(v).
Again, notice the relationship to the second term in ER; ().

(791) Precisely 2 buyers have type above U, but whichever of the two who wins stage one has a type not
exceed m(v), implying that his bid, and the price, in stage two will be below v. If m(?) = v, the
probability of this event is

nn — 1) F*2(@)(1 ~ F(@))?,

which is the probability mass in the third term in ER;(?), when m(v) = . When m(v) = v/k, the
probability is

o R R 1 1o R R
n(n — DF"2@)(1 = F(m(0))(F(m(0)) - F©))5 —nn = )5 F"2@)(F(m(©)) - F(7))*,

since it is the probability that the buyer with the highest type has type above m(v), yet he loses to

a buyer with type in the range ¥ to m(?0) (the probability of which is .5), less the probability that

both of the buyers who are willing to accept B(9) has type in the range ¥ to m(v). Notice that this
probability can be rewritten as

%n(n — DF"2(@0)(1 = F(0)(F(m(0)) — F(9)),

which is easily seen to be the probability mass in the third term of ER; (7).

(iv) All other possibilities not included in (4), (i), (¢¢4). The probability of this is clearly the term in
brackets in the fourth term in ER; ().
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Only in case (i) will the buy-out price not be accepted in stage one. In this case, if  denotes the
second-highest type, the price in stage one is b'(z), and we know that the price in stage two is at least
bt (z), since it would have been precisely b!(x) if the highest type had been precisely z rather than higher
than x. Hence, in case (i), expected revenue in stage two exceeds the first term in ER; (V). We will
proceed in this manner to show that, case for case, expected revenue is higher in stage two than in stage
one.

Regarding the second case, consider the following. If precisely one buyer has type above ¥ and the
runner-up has type z, z € [0,9), the price in stage two must be at least b'(x), again because it would
have been precisely b!(x) if the highest type had been x rather than above v, where v > z.

In the third case, let = be the type of the winner of stage one, who, by assumption, has type between
v and m(v). Then, it is easily seen that the term in parenthesis is the price in stage two.

Finally, notice that in cases (7), (i7) and (4i7), the price in stage two is at most ¥, but in all other
cases (i.e. case (iv)) the price in stage two must be at least V.

We have now shown that, case for case, expected revenue in stage two is higher than revenue in stage
one, which concludes the proof. =

3.3 Market efficiency

The use of a buy-out price by the first seller has implications for the overall market. In this section, we
study how the allocation of objects is affected, and how overall revenue and revenue to the second seller
change.

First, notice that when n > 2, any ¥ < v has the potential to cause the final allocation to be inefficient.
The reason is that the bidder with the third-highest valuation may win the first auction by accepting the
buy-out price, which is clearly inefficient. Similarly, it is possible that the bidder with the second-highest
valuation wins the first auction by accepting the buy-out price in cases where it is efficient for the bidder
with the highest type to win both objects.

Of course, when n = 2 only the second possibility is relevant. In this case, observe that v > kv
does not lead to inefficiency. If bidder 2, rather than bidder 1, wins stage one, we can conclude that
vy > U > kU > kvy, so it is efficient for each bidder to win one unit. Hence, the buy-out price may lead
to a change in the order in which units are won, but not to a change in the final allocation. However, if
vV < kv it may be efficient for the bidder with the highest type to win both objects, but the competing
bidder may end up purchasing the first object by accepting the buy-out price.

For n = 2, Kirkegaard and Overgaard (2003) have shown that the optimal ¥ is strictly below kv.23
Therefore, the use of a buy-out price by the first seller leads to inefficiency.

Corollary 1 The sequence of auctions is inefficient when the first seller sets the buy-out price optimally.

Next, we argue that the introduction of a buy-out price by the first seller is detrimental to overall
revenue. Subject to a standard regularity condition, Kirkegaard (2004) establishes that any efficient
mechanism is revenue superior to any mechanism, in which it is never the case that a bidder wins two
units more often than is efficient.>® This result applies to the sequence of auctions with a buy-out
price in stage one, since it may award a unit to a bidder who would not have received one in an efficient
mechanism, and it never awards two units to a bidder who should have received none or one. In particular,
it is evident from the preceding discussion that if the sequence is inefficient, it is because a bidder wins
one unit, when he would have won none in an efficient mechanism.

23The example in Section 5 illustrates that this is not always the case when n > 2.

24The regularity condition is the well known condition that v — (1 — F(v))/f(v) is strictly increasing. An additional
assumption on marginal utility is needed, but it is satisfied by the assumption used here, namely that the second unit
consumed is worth k times as much as the first unit consumed. The result also holds when k € {0,1}.
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Proposition 6 (Kirkegaard (2004)) If demand is regular, any ¥ < T leads to a strict loss in (expected)
overall revenue, when n > 2. When n =2, any 0 < kT (including the optimal U) leads to a strict loss in
(expected) overall revenue, but overall revenue is unaffected if v > kv.

For n = 2, Kirkegaard and Overgaard (2003) show that even if the regularity condition is violated,
the sequence of auctions with a buy-out price yields lower revenue than without a buy-out price.

Proposition 6 implies that the use of a buy-out price in the first auction can only be explained as long
as the two units are owned by competing sellers. If the units are owned by the same seller, his objective
is clearly to maximize overall revenue. In this case, however, Kirkegaard and Overgaard (2003) show that
the seller can benefit from offering a buy-out price in the second auction, rather than in the first. The
reason is that such a buy-out price would favour the bidder who won the first auction, and may lead him
to win two units in cases where he should have won only one. A similar outcome occurs in a monopoly
with quantity discounts, in the sense that efficiency can be improved by taking a unit away from someone
who bought two, and give it to someone who bought none. Since quantity discounts generally improve
monopoly profits, this explains why a buy-out price in the second auction can be beneficial to a single
seller with two units.?’

For competing sellers, however, the optimal buy-out price was shown to strictly improve expected
revenue to the first seller. Nevertheless, it is not hard to see that a non-optimal buy-out price may hurt
the first seller (consider, for example, v = 0). To examine the effects of a buy-out price in the first stage
on the second seller, notice that the second seller is influenced only if the first stage was won by someone
other than the bidder with the highest type. There are two possible cases.

Arranging bidders in descending order, v; > v9 > ... > v, the first possibility to be studied is that
the first stage is won by bidder 2 (he accepts the buy-out price). In this case, bidder 1 wins stage two,
and the price must be max{kvy,vs}. Then, the second seller is adversely affected. If kvy > vy, bidder
1 would have won stage two (and one) in the absence of a buy-out price in stage one, but at a price
of vy > max{kve,vs}. If vy > kvp, the second stage would have been won by bidder 2, at a price of
max{kvi,v3} > max{kvy,vs3}. Heuristically, observe that as k declines, the second event, vy > kv, is
more likely to occur for given vy, vs, and that max{kvi,vs} as well as max{kva,v3} both equals vs for
sufficiently small k. Hence, when k is small, the second seller is not affected very much when the first
stage was won by bidder 2.

The second possibility is that the first stage was won by a bidder other than bidder 1 or 2. Then,
bidder 1 will win stage two, at a price of vo. Without a buy-out price in stage one, the price in stage two
would also have been vg if kvy > va, but it would only have been max{kvy,v3} < v2 if v2 > kv;. Hence,
when some bidder other than bidder 1 or 2 wins stage one, the second seller is better off. Again, notice
that as k declines, the second event, v, > kvy, is more likely for given vy, vs, and the gain in this case,
vy — max{kvy, vs}, increases as k decreases. Thus, when stage one is won by someone other than bidder
1 or 2, the second seller is better off the smaller k is.

Thus, the effect of a buy-out price in stage one on the second seller is ambiguous. However, when the
optimal buy-out price is offered in stage one, the second seller must be worse off. The reason is that the
sum of revenues declines, while the first seller, by definition, is better off. Also, observe that for n = 2,
the second seller is unambiguously worse off for any buy-out price.

Corollary 2 For n = 2, the second seller is worse off regardless of the buy-out price employed by the
first seller. When n > 2, the second seller is worse off when the first seller uses the optimal buy-out price.

Nevertheless, there are cases, for n > 2, when the second seller is better off when the first seller uses a

25 Contrast this to the case of quantity premia, where efficiency can be improved by taking one unit from someone who
bought one unit, and give it to someone else who also bought only one unit, but who would value a second unit highly. The
sequence of auctions with a buy-out price in the first auction gives rise to the same kind of inefficiency as quantity premia,
and since these are seldomly profitable, the negative conclusion in Proposition 6 is explained.
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non-optimal buy-out price.2® It is clear from the arguments above that as k decreases, it becomes more
likely that any change to the second seller’s revenue will be a positive change. Likewise, the lower v is,
the more likely it is that the first stage is won by a bidder other than bidder 1.27 So, to illustrate that
the second seller can be made better off, consider the case where k is negligible and ¥ = 0 (implying the
first seller earns nothing). Then, the first stage is won by bidder 1 or bidder 2 with probability 2/n, in
which case revenue in stage two is about vs (since k is small), and won by another bidder with probability
(n — 2)/n, in which case revenue is vy. Hence, expected revenue in stage two, for given vy, va, ..., vy, is
approximately

2 n—2
—v3 +
n

V2,

which is obviously larger than vs, the approximate price without a buy-out price in stage one.

It is now easy to see why multi-unit demand is necessary in order to explain the use of a buy-out
price in the first auction. When n > 2 and bidders have unit demands, k = 0, the above arguments show
that the second seller is unambiguously better off when a buy-out price is used in stage one. Combining
this with the fact that overall revenue declines leads to the conclusion that the first seller is worse off for
any U < U, and therefore will elect not to use a buy-out price. If n = 2 there is no excess demand when
k = 0, and both sellers will earn zero revenue, regardless of the buy-out price.

Likewise, it is necessary that marginal utility is strictly decreasing, or k < 1. If demand is flat, k =1,
revenue in the second auctions is v, independently of the outcome in the first auction, and by Proposition
6 it follows that the first seller is worse off, should he decide to offer a buy-out price. Alternatively, this
can be interpreted as saying that for the first seller to offer a buy-out price, it is necessary that there are
future auctions. The reason is that when k = 1, bidder behavior in the second auction is independent of
the outcome of the first auction, so when deciding on a strategy in the first auction, bidders need not take
into consideration that there are future auctions. Hence, the first auction might as well be a one-shot
auction.?8

4 Discussion

In this section, we first provide an alternative, and very brief, proof that a buy-out price is profitable
when n = 2. Thereafter, we turn to a discussion of the modelling assumptions and the robustness of our
results in the general case.

4.1 Buy-out prices with two bidders

Assuming, without loss of generality, that v; > vs, the first auction is won by bidder 1 when there is no
buy-out price, and with only two bidders it follows that the price in the second auction is min{kv;,vs}.
With a buy-out price, however, the first stage may be won by bidder 2, in which case revenue in the
second stage is kve < min{kvy,v2}. Hence, as mentioned earlier, the second seller is worse off when the
first seller offers a buy-out price.

Next, notice that if ¥ > kv, the final allocation is the same as without the buy-out price, although
the order in which bidders win units may be reversed. Now, since the allocation is the same in the two

26Since overall revenue declines, and the second seller is better off, the first seller must have offered a buy-out price that
leads him to earn lower revenue.

2"For n = 2, this leads Kirkegaard and Overgaard (2003) to conclude that the second seller’s revenue is increasing in o,
because if there is a change to the second seller’s revenue, it is a unambiguously a change for the worse when n = 2. This
result does not hold for n > 2.

28Tn one-shot auctions with risk neutral and patient bidders, it is well known that the second price sealed bid auction
maximizes expected revenue absent reserve prices. Hence, there is no incentive to modify it with a buy-out price. As
mentioned earlier, a buy-out price can also be explained by relaxing the assumptions of risk neutrality or patience.
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different mechanisms, overall revenue must also be the same, by the Revenue Equivalence Theorem. As
overall revenue is unchanged, and the second seller is worse off, the first must be better off. Consequently,
it pays for the first seller to offer a buy-out price with v € [k7,7). In fact, it can be shown that the
optimal v is below kT (see Kirkegaard and Overgaard (2003) and the example in the next section).

4.2 English auctions

Formally, we have modelled the two auctions as second-price, sealed-bid auctions. This allows us to focus
on the role of buy-out prices and economize somewhat on the discussion of the auctions, since a strategy
in the first auction is simply a bid.

In contrast, a strategy in the first of two English auctions is more complex, as it specifies when to stop
bidding, contingent on the information at the time, which may include whether and when other bidders
have dropped out. Février, Roos and Visser (2003) derive the equilibrium strategies in this case.

Without a buy-out price, the sequence of auctions are revenue equivalent stage by stage, regardless
of whether they are modelled as second-price, sealed-bid auctions or English auctions.

Similarly, with a buy-out price, it can be shown that the payoff to a type v bidder from accepting
the buy-out price is the same for either auction format, and so is the payoff from rejecting. Hence, B(7)
does not depend on the auction format. Likewise, for given v, the expected revenue in the two auctions
are independent of the auction format.

4.3 Permanent buy-out prices

In this paper we have chosen to focus on eBay’s version of the buy-out price. The buy-out price is
temporary on eBay, whereas Yahoo! offers a permanent buy-out price (termed the Buy Price). Reynolds
and Wooders (2003) compare the two types of buy-out prices*® in one-shot auctions.

With a permanent buy-out price the auction can be thought of as an English auction, where, at
any time, a bidder can choose to accept the buy-out price, rather than continuing the bidding process.
Then, bidders with very high valuations may accept the buy-out price immediately. Bidders with lower
valuations initially ignore the buy-out price, but as bidding in the English auction progresses, they become
more and more pessimistic about the severity of the competition and eventually accept the buy-out price
(given that it is lower than the valuation). The higher the valuation, the sooner the buy-out price is
accepted.

If the buy-out price is very high, not even a bidder with valuation T will accept it immediately. As the
price in the English auction increases, however, the buy-out price may be accepted. If so, it is accepted
by the bidder with the highest valuation, and the auction is efficient. On the other hand, if the buy-out
price is such that it would be accepted by a bidder with valuation in the interval [v,7] in an eBay auction,
the same bidder accepts it immediately in the Yahoo! auction. If it is not accepted immediately, it may
be accepted later on, by the high-valuation bidder. Hence, B(7) causes the same type of inefficiency
whether it is a permanent or temporary buy-out price.

By the Revenue Equivalence Theorem, the eBay and Yahoo! auction formats yield the same revenue,
for a given B(v). Thus, our results are also valid when the buy-out price is permanent. In fact, we
conjecture that the results thus far are robust to small changes in the extensive form of the game. The
reason is straightforward, and relies only on the possibility that the buy-out price may affect who wins
the first auction.

In particular, consider the case n = 2 and assume that in the equilibrium (on which bidders coordinate)
of the particular game, there is a © such that stage one is won by the bidder with the highest valuation,
if at most one bidder has a valution that exceeds v, but that there is a strictly positive probability that
it is won by the other bidder otherwise. In this event, the second seller is worse off (because competition

29Reynolds and Wooders (2003) assume there are two bidders. Hidvégi, Wang and Whinston (2003) analyze the permanent
buy-out price with an arbitrary number of bidders.
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is diminished in stage two). At the same time, however, we know that overall revenue is unchanged if
v > kv (because the sequence of auctions is efficient in this case). Consequently, when v is sufficiently
high, the first seller is better off with a buy-out price as long as the identity of the winner in stage one
changes with positive probability.

4.4 Left-overs from previous paper (to be pruned)
4.4.1 Buy-outs, inefficiency and revenue non-equivalence

As mentioned, the Revenue Equivalence Theorem reveals that if two mechanisms yield the same allocation,
expected revenue in the two mechanisms must also be the same. Since the outcome of the bench-mark
model is efficient, it follows that introducing a buy-out price changes total revenue if and only if*° the
resulting allocation is inefficient.

Introducing a buy-out price in the first auction results in the following kind of inefficiency: an agent
may win one item when he would have won none without the buy-out price. A buy-out price in the
second auction may cause another type of inefficiency: an agent may win both items, when he would
have won exactly one without a buy-out price. In the latter case, an agent who would have won one unit
in an efficient mechanism risks not winning one at all.

To understand the consequences of these different kinds of inefficiencies, it is useful to exploit the
similarities between monopoly pricing and auctions®’. When a monopolist faces agents with multi-unit
demands, it is well known that the optimal pricing schedule may involve quantity discounts. These
discounts enable the monopolist to sell several units to agents with high marginal revenue on all units,
without at the same time selling to agents with low marginal revenue on some units. Whether agents have
unit or multi-unit demands, it is well understood that the key ingredient in the monopolist’s optimization
problem is marginal revenue.

Now, the expression for what amounts to marginal revenue of a bidder with valuation v in an auction
is

1—F(v)
f)

for the first unit, and it can easily be shown that marginal revenue is k.J(v) for the second unit.*> The
expected revenue to the seller is then

Jw) =wv

E | (g} (v1,02) T (0:) + ¢F (v1,v2)kJ (v3)) | — 2EU(0,0) (7)

i=1

where qf (v1,v2) is the probability that agent ¢ wins at least j units, given that the two agents are of
type v1 and v, respectively. The last term is the expected rent obtained by an agent of type v = 0 in
the mechanism. (7) is the counterpart of the revenue for a monopolist, who earns the area under the
marginal revenue curve.

Clearly, if EU(0,0) is the same across different mechanisms, and if these mechanisms implement the
same allocation, (i.e., the same ¢](v1,v2)), expected revenue must be the same. This is the Revenue
FEquivalence Theorem.

30This assumes that an agent of type v is indifferent between the two mechanisms. We will return to this point momen-
tarily.

31 These similarities were first pointed out by Bulow and Roberts (1989) for auctions with unit demand, see also Bulow
and Klemperer (1996) and Klemperer (1999). Maskin and Riley (1989) draw parallels between auctions with multi-unit
demand and non-linear pricing. For more on the latter, see also Kirkegaard (2004).

32For a derivation of J(v), see Myerson (1981) or Bulow and Roberts (1989). Since willingness-to-pay for a second unit
is k times that for the first unit, it is unsurprising that marginal revenue of the second unit is k times marginal revenue of
the first unit, see Kirkegaard (2004).
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We are now equipped to provide an alternative proof of why overall revenue declines when an optimally
chosen buy-out price is introduced by the first seller. Given that 0 < ¥ < k7, the allocation changes as a
consequence of the buy-out price, if the winner of stage 1 would not have won a unit at all in the efficient
allocation. If the winner of stage 1 has valuation v, this happens when v < kU, and if the rival bidder
has valuation = € (#,7). In this case the revenue gain from the winner of the first auction (who should
have won no item) is simply J(v). The revenue loss from the loser of the first auction (who will only win

the second item, when he should have won both) is E(kJ(z) | 2 > {), which we can write as

v flx)

Now, J(v) < v, and we conclude that, given the event that the allocation has changed, the marginal
revenue gained falls short of the marginal revenue lost. Thus, overall revenue decreases since the first
term in (7) declines, while second term is unchanged. Hence, it is not profitable to allow an agent to win
one unit too often, compared to the efficient allocation.

4.4.2 One-shot auctions

We have already argued that when &k = 1 (horizontal demands), stage 1 is equivalent to a one-shot
auction. In one-shot auctions, revenue is clearly maximized by allocating the object to the agent with the
highest marginal revenue. When the agent with the highest valuation is also the agent with the highest
J(v), that is, when J(v) is increasing in v, this is accomplished with an efficient mechanism. However,
when J(v) is non-monotonic, it is impossible to always give the object to the agent with the highest
marginal revenue. The reason is that the auctioneer must respect the incentive compatibility constraints
when designing his mechanism. To satisfy these, it is necessary that the probability of winning the object
is non-decreasing in the valuation.

In the cases where J(v) is non-monotonic, the rules of the optimal mechanism?®® ensure that the
probability of winning is constant over a subset of valuations. That is, agents with different valuations
have the same probability of winning, and therefore contributes marginally the same to revenue. Hence,
the optimal mechanism is said to “iron” the marginal revenue curve. Now, we observe that the buy-out
price is a crude way of ironing the marginal revenue curve, since all agents with valuation above ¥ have
the same probability of winning in a one-shot auction. It is crude because the interval on which marginal
revenue is ironed in an optimal mechanism is always interior, whereas the buy-out price also bundles
valuations close to and including v with lower valuations.

Since buy-out prices offer some (excessive) ironing, it is perhaps not obvious whether or not buy-out
prices can increase revenue when J(v) is non-monotonic and k = 1. However, our model is sufficiently
general to encompass these situations, and we can therefore conclude that buy-out prices are counter-
productive even when some ironing is called for, precisely because the ironing is too crude. We stress
this, since we are not aware of any papers on auctions (or monopoly) showing that “ironing” may be
counterproductive, if it is too crude in the sense of this paper. Among the related papers the model of
Budish and Takeyama (2001) is discrete, while Reynolds and Wooders (2003) assume uniformly distrib-
uted valuations. Ironing is not an issue in either of these specifications. Mathews (2002) also assumes
uniform distributions, but he remarks that his results hold for any distribution, though without referring
to ironing.

Thus, in one-shot auctions, buy-out prices are unprofitable when utilized in the way assumed so far,
even if the optimal auction involves ironing of the marginal revenue curve. However, a more sophisticated
design can combine buy-out prices and reserve prices to maximize revenue in these cases.

33

33See Myerson (1981) or Bulow and Roberts (1989).
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As mentioned, the optimal interval on which ironing should be performed is interior. Let this interval®*

be given by [0,v"], 0 < ¥ < v" < T. Consider the following auction for one object, which takes place in
two stages. First, an auction with a reserve price is staged. If the object is not sold, another auction is
staged, in which a buy-out price is available. The reserve price and the buy-out price should jointly be
set in such a way that a bidder bids in the first stage if and only if his valuation is larger than v", and
such that the buy-out price in stage 2 is accepted if and only the bidder has a valuation that exceeds
7.35,36

Now, the auction is efficient if at most one bidder has a valuation in the interval [0,v"]. Otherwise,
however, both bidders will not participate in the first stage, but will instead accept the buy-out price in
stage 2. Hence, the bidders have an even chance of winning, and this chance is, importantly, independent
of the exact valuation. In other words, the marginal revenue curve has been optimally ironed, and it
follows that the proposed two stage auction maximizes revenue.3”

5 Example (incomplete)

To add some further insights into the results above, in this section we consider the uniform case with
€ [0,1], that is, =1, f(v) =1 and F(v) = v.

5.1 No buy-out
Assume first that there is no buy-out price. Bidding in the first round as captured by (1) reduces to

— 24 k! 1t
bl(’l]> = %U:U— ﬁ’l}

where we note that b'(v) — 2=2v for k — 0 (single-unit demand),’® b'(v) — v for k — 1 (horizontal

demand) and b'(v) — v for n — oo (unlimited competition). The expected revenues in the two auctions
reduce to

ERSSP:TL—Qka"*l
! n+1
and
— 24k -1 n—1
ERSSP _ I n-1(1 _ L) = ERSSP n—10] _
R n+1 +n+1k (1=k) I +n+1k ( )

while total revenue is

2 ey 20— 1)+ (41— (n— DRk
> ER; =
= n+1

We plot ERFSF and ERSST against k for different n in Fig. 1 - 4, where ER5S" is the fat line, while
ER7ST is thin.

34We assume there is only one such interval. However, it should be obvious how to extend the following mechanism if
there are more.

35To achieve this, it is necessary that the buy-out price in stage 2 is known before stage 1 commences.

36Tt is straightforward to show that such a combination of a reserve price and a buy-out price exists.

37To be precise, the auction is optimal among all auctions that sell the object with probability one. Notice that the
reserve price in this auction does not serve to ration output. Obviously, such a reserve could be added to the second stage
of the auction.

38 This is a special case of an example developed by Krishna (2002, Example 15.2, p. 219).
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Fig. 1: SSP auctions with two bidders
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Fig. 2: SSP auctions with three bidders
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Fig. 3: SSP auctions with five bidders
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Fig. 4: SSP auctions with ten bidders

The ratio between expected revenues in the first and second auction

Rp— BRI n—2+ (k)" !
T ERSSP T n—2+4 (k)" 1+ (n— 1) (k)" 1(1— k)

is illustrated in Fig. 5.
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Fig. 5: The revenue-ratio in two SSP auctions
(n =2 - dashed, n = 3 - thin, n = 5 - dotted, n = 10 - fat)

25



For n = 2, note the discontinuity at £k = 0. When k = 0, both sellers earn nothing, that is, the same.
However, when k is small, but strictly positive, we observe that the winner of the first auction is very
unlikely also to be the winner of the second auction. Hence, the expected revenue in the first auction is
k times (the expected value of) the second highest valuation, while the expected revenue in the second
auction is approzimately k times (the expected value of) the highest valuation. For the uniform case with
n = 2, the ratio between the expected value of the highest (2/3) and the expected value of the second
highest valuation (1/3) is exactly 1/2. For n > 2, there are no such discontinuities.

From this example it is immediate that the difference in expected revenues can be significant unless
k is close to one (demands are near-horizontal) or, for n > 2, if k is close to zero (near unit-demands).
Any difference, of course, disappears as the number of bidders increases without bound.

5.2 Buy-out

Now, consider introducing a buy-out price in the example.
First round bidding is captured by (to be added)
Given ¥, with uniform distributions on the unit interval, the revenues in (5) and (6) reduce to

C U G i = T St
~ +kn2 (1—17+U"7’;—_}ﬁ"“ h
ER\(0) = { & — 30"+ (n—2)5" — LplnBlgnt
HE (1 -5 4 o - nedgntt) if o<k
—ﬁ(l —0)(k"™ — 0" —no" Lk —))
and (to be added)
. v>k
ORI
5.2.1 Two bidders
With two bidders, the revenues are
k k ~3 ~
. 24+ 2(1-7) 1>k
ERi(v)=< 3 ¢ % I N~
1(V) { Ey k(-9 - L(k-021-9) o<k
and
R §+g(1—a)j;u§(( —kl—(l—?)i”) 7>k
ERy(0) = E+2(1-0) - &(k—0)*1-2) } G<k
+E((1—k) = (1-0°) + & (k—0)?(B(1 -0) + (k—1)) =

The latter can be written as

5 = [ BRi(0)+%((1—k) = (1-0)%)
ERs(0) { ER@H%((1,@,(1,@)3)+é(k,q2(3(17@+(kfﬁ))

The sum of (expected) revenues is

2 k(3—k) _ 2 ERP 7>k
ZER@:{ N =
t=1

[SHRRSH

IN IV
T

E(3—k k—70)? —0)+1—k 2 ss ~
(63 ) _( )(Q(ék )+1 )<Zt:1ERtp T<k
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reflecting that efficiency and “revenue equivalence” is lost, once the buy-out price is set such that ¥ drops
below k (= k7).

To get a feel for the dependence of revenues on the buy-out price, consider the special case where
k = 1. Figure 6 plots ERy (V) (thin), ERy(?) (dots) and their sum (fat) against .

Fig. 6: Revenues against ©

Next, turn to the optimal value of the cut-off, hence, the first-round buy-out price. From Corollary 1
and Proposition 6 we know that v < kv = k, for any k € (0,1). Maximizing

o

ER,(0) = g +5 -9 i(k —9)2(1—79)

with respect to v gives the optimal cut-off valuation from the perspective of the first seller
L 142k— k2 (14 2k — k)2 - 2k(3 - k2))"/7
VT TR 3— k2

<k=kv
and the associated, optimal buy-out price, B(v*) is given by

(0o -a-52)

B0 =3

We can substitute v* into the revenue expressions, and Fig. 7 illustrates how ER;(v*) (thin) and ERz(v*)
(fat) vary with k.
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Fig. 7: Revenues with optimal buy-out

ER] (U*)
ERs(v*)’

The ratio between the expected revenues given an optimally chosen buy-out price, RR(BO) =
is illustrated in the following figure

~

RR

0 k 1

Fig. 8: Revenue ratio with optimal buy-out

We can compare with the case of two straight second-price auctions illustrated in Fig. 1 and Fig.
5. In Fig. 9 we merge the information in Fig. 1 and Fig. 7. The dashed lines are for two straight
second-price auctions, while the solid lines are for the case where the first seller chooses the buy-out price
to implement v*.
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Fig. 9: Comparison of auction revenues

Fig. 10 merges the information from Fig. 5 and Fig. 7, and the thin line is for two straight second-price
auctions, while the heavy line is associated with an optimal buy-out price.
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0 k 1

Fig. 10: Revenue Ratios

Finally, in Fig. 11 we plot the percentage gain to the first seller from an optimally chosen buy-out
ER;(v*)—ER;SP

compared to the straight second-price auction, G = 100 x ERSSP .
1
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Fig. 11: Percentage gain from buy-out price

The last three figures essentially illustrate that the value from the perspective of the first seller of
introducing a buy-out price is substantial when the individual demand functions are relatively steep (k
small). When demands are steep, and there are only two bidders, the competition for the first object
will be weak. It follows that the first seller has a strong incentive to try to improve his position in this
case by introducing a suitably chosen buy-out price. The following table captures central features of the
example in an alternative way.

k | ER?ST v* B(v*) | ERi(v*) G
0.01 | 0.00333 | 0.00995 | 0.00495 | 0.00495 | 48.65
0.10 | 0.03333 | 0.09549 | 0.04597 | 0.04558 | 36.75
0.25 | 0.08333 | 0.22618 | 0.10623 | 0.10176 | 22.12
0.50 | 0.16667 | 0.43308 | 0.20404 | 0.17931 | 7.58
0.75 | 0.25000 | 0.66667 | 0.32222 | 0.25309 | 1.24

Recall that in this example revenue equivalence and efficiency is lost when v is set below k = kv. Hence,
a comparison of the first and third column is indicative of the inefficiency when ¥ is set optimally.
For example, when k = kv = % the optimal v is aproximately 0.43, which implies that there is a
small, but “non-trivial”, probability that the final allocation is inefficient. Note that k = % implies
that ERSSF — ERYST = %k(l — k) is maximized. When the first seller sets the optimal buy-out price
B(v*) = 0.2, he manages to increase his expected revenue by 7.58%, while total revenue falls by only
0.58%.

5.2.2 Three bidders
(to be added)

5.2.3 Discussion

(to be added)
6 Concluding Remarks

In this paper we sought to explain the use of buy-out prices by observing that online auction markets
are dynamic, with players knowing that goods not presently on the market are likely to be offered in the
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future and with buyers displaying multi-unit demands. It was shown that there is an incentive for an
early seller to offer a buy-out price that is accepted with positive probability. Suitably chosen, such a
buy-out price will increase revenue in the early auction. However, revenue in subsequent auctions will
decrease, as will the sum of revenues. When the buy-out price in the early auction is chosen optimally,
the resulting string of auctions is inefficient, in the sense that the item on offer may go to a buyer who
would have received none in any efficient selling mechanism.
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Appendix

Proof of Lemma 2. Since we have already derived the bidding strategies in the two auctions,
arriving at the expected revenues is straightforward (though, somewhat tedious).
ERS

In the first auction, bidders are bidding according to b'(v), and it follows that expected revenue is

ERissp —_ \/F bl(’U)fgm(U)dU — /F (kUF17n—2<kv) + fkv yfl,n—?(y)dy> f27n(11)d’0

0 0 Fipn2(v)
or
v Fl.n—Q(kU) v v f2.n(v)
ERSsz/ ko= 2 f (v dv—l—/ / n_a(y)dy | === _dv 8
1 R0 f2n(v) o\ Yfin—2(y)dy Frna(0) (8)
Now, the first term, ¢1, in (8) can be rewritten as
v P2 (ko)
= 9
n= [ kT o (e )

Noting that

fon()  nn—1)(1—F@)F"2)f(v) o B
Finov) Fr=2(v) =n( (1= F(v))f(v)

the second term, ¢, in (8) can be rewritten as
t = nn-1) / ( / o)y ) (1= F(0) f(0)do

= nfl yfln o dy> f(v)dv

—”(”T‘l / ' ( / :yfln 2y )dy) 2F(v) f(v)do

Changing the order of integration, we can write the last expression as

v m(y) nln — v m(y)
w0 =1) [ fi-2(o) ( / f(v)dv> dy =" [ i) ( / 2F(v)f(v)dv> dy

= 100 [ s FOY dy = [y [P0 dy

kv v
= nln=1) [ i) [P = P dy+ ot =) [ ufi () 1= P dy
n(n —1)

kv B o)
T/o yfl,n—z(y) [F2(%) - F2(y)} dy — w /Wyfl,n—Q(y) [1 - F2(y)} dy
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kv
= -1 [ whiao@) [FE) - F@) - 2FE) + F)(FE) - Fw))| dy
0 k 2 'k k

#nln=1) [ ufiea(o) [ 1= ) = 50+ F)A - F)| dy

v

1

kv
= n(nfl)/ y(n = 2)F" 3 (y) f(y)5 (F( )*F(y))@*F(%)*F(y))dy
0

ERS

dnln=1) [ yln = 201050~ Fu)Pdy

/ (F() = F(y)(2 - F(1) = F(y)) n(n — 1)(n — 2)
0o ! (1—F(y)? 2

e S

v

/Ey(F(m(y)) — F(y)(2 = F(m(y)) — Fy)) n(n = )(n - 2)
0 (1 - F(y))? 2

(1= F(y)*F"(y)f(y)dy

(1= F(y)*F"(y)f(y)dy

where m(y) = min{#,v}, which implies that we can write

- B 2_ (1= F(m i
[0t F(y)()l—lgl(y))lj( St N
>From (9) and (10) we get
ER = t1+t,
- T2 (k)
_/OkF”Q()fzn(>
T A-FW)P (- Fm@)?
+/0 ! (1-F(v))? Pt

as stated in the lemma.

ERSSp

The derivation of the expected revenue in the second auction is a little more complicated. However,
bidding strategies are simple, in the sense that all bidders will simply bid their relevant valuations. Thus,
bidder i will bid b2(v;) = kuv;, if he won the first auction, and b%(v;) = v; otherwise. This will allow us to
write ER5°" as the sum of three terms following from three types of events: (1) the winner of the first
auction wins again, (2) the winner of the first auction does not win again but is the runner-up and (3)
the winner of the first auction does not win again nor is the runner up.

In the following = denotes the valuation of the winner of the first auction, while y; and y denote the
valuations of his strongest and second-strongest rivals, respectively. Thus, z > y; > ys.

First term. The winner of the first auction wins again.
This requires kx > y; > y2, and we can write the associated expected revenue as

n(n —1) / /’”yl ) () f(z)dyrda
n(nfl)/o Y1 F" 2 (1) (1) (/ f(z diE) dy1
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kv
Ty =nln=1) [ (1= FEF 20 flon) ()

Second term. The winner of the first auction is the runner-up in the second auction.
This requires y; > kx > y2, and we can write the associated expected revenue as

v T kx
T, = n(n—1)n-2) / / / K" (o) f (y2) f () f (@) dyadp

= n(n—1) / /ﬂ“(/ —2)p- 3(yz)f(yz)dyz>f(m)f(w)dyld:c
= n—l//mkw(/mwdw)ﬂyﬂf@dwdw

= n(n-1) / / kxF""2(kx) f(y1) f(x)dydz
kx

= a(n-1) / ke 2<kz>< f(yl)dyl) f(@)da

kx

T =n(n—-1) /Ov kx(F(x) — F(kx))F" % (kz) f(x)dx (12)

Third term. The winner of the first auction neither wins nor is the runner-up in the second auction.
This requires y1 > y2 > kx, and we can write the associated expected revenue as

T T Y1
T3 = nn-—1)(n-2) / // Y2 F" 73 (o) f (y2) f (1) f (@) dyodyr da
kx Jkx

= n(n—1)( n—2//y2F"3y2 (y2) </ fln dy1> x)dysdx
kx Y2

— aln-1)(n-2) / / U2 P () f(y2) (F(2) — F(y)) f () dyod
— n(n—1)n—2) / " Y () f(ya) F () (2) dyada

n(n—1)(n -2 / /k Y2 "2 (ya2) f (y2) f () dyada

Changing the order of integration, we can rewrite this as

42n=Vn=2) /m o ( s )dw
=2 [ s (/ o dx>dy2
= D=2 [ 1) ) ( NG )dx> "
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2

e | E ) )1 )

—1\(n — kv 2 2
1 = MO D P ) () - )

kv Y2
“nln =10 =2) [ 5P ) ) Pl (POR) — Pl

—n(n—1)(n—2) / U2 P (2) £ (42) F ) (1 — F(y2))dyo

T; = w 0 yz(FQ(%) F2(y2)) "> (y2) f (y2)dys
D [ P (F) ~ ) E ) )i
f22 s lg)(n = /;; o (1 — F?(y2)) F" 2 (y2) f(y2)dy2
_n<n_12)(” = /Uy22F(y2)( — Fy2))F" > (y2) f (y2) dys

kv

nn—1)(n—-2) [
2 0

M=) [ (1 = F(0n) — 2P () + 2 ) ) )

_ kv
r, - o= / (F y2))2F () f ()

(n—l)( 2)/ yo(1 = F(ya))2F" 3 (ya) f (yo)dys

or

15 = W /OU Y2 (F(m(y2) — F(y2))*F" > (y2) f (y2)dy2

where m(y2) = min{#,v}. Collecting the terms in (11), (12) and (13), we get
ERSY = T\ +Tp+ T
kv
Y n—
= 01 [ (= FEF 00 ) dn
0

Fn(n —1) /0 ke (F () — F(ka) ™2 (ko) f (2)da

+w / y2 (F(m(y2) — F(y2))2F" 3 (y2) £ (y2)dy
0
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We can further rewrite this as

ssp v 1- F(ﬁ) n—
BRY? = [t = 01— Pl P ) )

v F(x) — F(kz) F"2%(kx) o
—I—/O kx - T F ) . Fr2() nn—1)1— F(z))F" “(z) f(z)dz

T (F(m(ya) — F(y2))? n(n — 1)(n— 2)
*AyQ - F(y))? 2

(1= Fy2))*F" > (y2) f (y2)dy

or, in more compact form, as

s o1 -F(%
ER;&P — / V- J . f2’n<v)dv
0

ol F(v) — F(kv) . Fr=2 (ko) .
+/0 kv - 1— F(U) Fn_z(v) f2,n( )d
7 Elm(w) — F(v)?
+A v (1 — F(U))2 f3,n(v)dv
R = /OUU ' %}T@(};})) - fa.n(v)dv
v F(v) — F(kv) . Fn_2<k"l))
+/0 ho- 1-— F(’U) Fn_Q(’U) f2,n(v)dv

T (F(m(v) = F(v))
Jr/o v

2
(1 _ F(v))2 f3,n(v)dv

as stated in the lemma. m

Proof of Lemma 3. In equilibrium, the bidder bids B(?), as does every rival with valuation above
v. If more than one bidder bid B(v), the winner is determined by a fair lottery. Hence, the probability
of winning when submitting a bid of B(?) is

n—1
P = 3 (7)o FE e oy
— nx (n—1)!

1
n(—F®)) ; TG

1 - n SN\ (N —J
- = 5 (3)0 - FOrFe

Jj=1

- F(’ﬁ))z+1F(l/}\)n7(l+1)

Then, the lemma follows by applying the Binomial Theorem. m

Proof of Proposition 2. In relation to Proposition 2, it remains to prove that v # o has no
incentive to deviate. We sketch the argument.
First, consider v > . Expected payoff by accepting B is

min{kv,0}
EU(B,v) > Pr(W[o)(v—B)+ /0 (kv — ) f1pn—1(z)dx
+§j<"i1)a—fﬁmﬁwm”1i<1—7%T>EUﬂmgﬁg) (14)
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where the first term comes from the fact that the buyer may win stage one at the buy-out price, and the
second term from the fact that he wins both stages with probability one if the highest rival type is lower
than min{kv,?}. In the third term, EUs(v|L, v, ) denotes the expected payoff in stage 2, given the buyer
lost stage 1 and there are 4 rivals with type above ¥. The third term is then explained by noticing that

1
t+1

is the probability that the buyer loses stage one when faced with ¢ rivals who are also willing to accept
B. Finally, the inequality in (14) derives from the possibility that the buyer may win both stages even if
his highest rival has type above ¥. Naturally, this requires that kv > ¥, so this possibility does not exist
for type ¥ buyers, for whom ER(B,v) therefore equals the right hand side of (14).

If the buyer rejects B, on the other hand, we have already established that he will choose to outbid
anybody with valuation below v in stage one, if the buy-out price is not accepted by a rival. This means
that expected payoff is

v

min{kv,0}
EU(NB,v) > /0 (v —=0b(z)) frn—1(z)dz + /0 (kv — ) f1pn—1(z)dx

+3 ("7 )a-r@yr@ i)

The first two terms are self explanatory, and the third captures the fact that the buyer is bound to lose
stage one if there is one or more rivals with type above ¥. By construction, EU(B,v) — EU(NB,v) =0,
so we need only show that

EU(B,v) — EU(NB,v) > Pr(W|0)(v—B) - /Ov(v —b'(z)) frn—1(z)dx

_ Z:; <n - 1> (1- F(ﬁ))iF(a)nq_iHLlEUﬂmL, 54)

is increasing in v. The derivative equals
“n-1 : 1
Pr(W[o) — F" () = ) | ( . )(1 - F(ﬁ))’F(ﬁ)"—l—lH—lEUg(v\L,a,z’)
i=1

Assuming for the moment that EUS(v|L,v,4) < 1, this is at least

=0

n—1
n—1 ; ;1
Pr(W o _F"*l’\_ 1_FA2FAn7171
R Sl () [ L
implying that FU(B,v) — EU(NB,v) > 0 for all v > v. To see that FU(v|L,v,i) < 1, notice that
EUy(v|L,v,4) can be written in the form

v
EUy(v|L,v,4) = / (v —x)h(x|L,v,4)dx
kv
where h(+]-) is the density of the highest rival bid in stage two, given the buyer lost stage one to one of
i rivals with type above ¥. This density is positive on [kv, max{v, kv}] for i = 1 and on [0,7] for ¢ > 1.
Hence, it can then easily be verified that EUj(v|L,v,3) < 1.
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Next, consider v < . If the buyer chooses not to accept the buy-out price, we know that the best
response in the remainder of stage 1 is to bid b'(v). Hence, we need only show that it is preferable to
reject B, and subsequently bid b!(v), than to accept B. The latter strategy yields expected payoff of

kv
EU(B,v) = (v— B)Pr(Wv)+ /0 (kv — ) fin—1(x)dz

+%(n1)j£mmdamﬂvn (&)kmﬂPEmg(kx)+u/v@1szLn2QDdy).f@ﬂdx

kx

The third term derives from the fact that if the buyer loses stage 1, there must be at least one rival
with type above v. If there is more than one, the buyer will lose stage two as well (he will be outbid).
However, if there is precisely one rival with type above ¥, the buyer loses stage 1 with probability .5, but
in that event he has a chance of winning stage 2, provided v > kv, or # > .

By rejecting B and bidding b'(v) in stage 1, expected payoff is

v kv
EU(NB,v) = /O(vfbl(:r))flmfl(:r)dldr/o (kv — ) fin—1(z)dx

=) [ " ((v ko) Fialho) + [ (o y)fl,n_2<y>dy) f@)ds

x

Again, the third term derives from the fact that if the highest rival has type above v, the buyer loses
stage 1 with probability one, but nevertheless has a chance of winning stage two, provided there is only
one rival with a type exceeding v.

Substracting the two yields

EU(NB,v) — EU(B,v)
= /0 (v — b1($))f17n_1(1')dz — (v — B)Pr(W|v)
m(v) v
#o=0) [ (@ k) Fatho) + [ 0= )20y ) Sl

X

—%(n —1) /:aX{M(v)} ((v — ka)Fy_o(ka) + /k (v — y)fl,nz(y)dy) f(z)dz

x

which by construction is zero for v = ¥. Differentiating with respect to v,
(v = b"(0) frn1(v) + F1p1(v) — Pr(W[D)
~n=1) (0= k0P eao) + [ (0=t F0)

v

v

m(v) max{v,m(v)}
+{n~—1)j/ fqm_2aof¢@dx-%(n-1)j/ Frna(0)f(x)da
which, after inserting b (v), reduces to
(n—1)F"*(v) (F(m(v)) —F(v) - %(F(max{ﬁ, m(v)}) — F(ﬁ))) + F"H(v) — Pr(W][o)

For v = v, this is

1— F* (%)

D 1 o~ o~ n—1 /-~
(n = DF" @) (Fm(®) = F@) + F" 7 0) = -a—ps
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which is smaller than

2@ = F@) + P (e) - )
(n—1F 2(71)5(1 ~ F(%)) + F* (@) — B
Rewriting,
T |1 FO) — = PO @) — = 150 = @) P @) 20

where the inequality follows from the fact that the term in brackets equals

2
n . .
1— _ S\ n—i oy )
> (5)a- ey @ =o
=0

Finally, noticing that the second derivative of EU(N B,v)—EU (B, v) is positive implies that EU (N B, v)—
EU(B,v) is decreasing everywhere on v € [0, ], meaning that EU(NB,v) — EU(B,v) > 0 for all v < 9.
This completes the proof of Proposition 2. m

Proof of Proposition 3. In order to derive an expression for ER(7), we first arrange bidders in
descending order, v; > vg > ... > v,. Then, the price in the second auction, ps, can be either kv, vg,
kvy or vz. The four possibilities contribute to expected revenue as indicated in the following four parts
of this proof. For future reference, we fix the following notation for combinations

Kom= (' ) = i =y

and permutations

Pn m = = n,mm!

1. The price in stage two is kvy. This requires that bidder 1 (v;) wins stage one (which may involve
accepting the buy-out price), and that he is the runner-up in stage two, vy > kv; > vs. In stage two, the
bids are thus kvq, va, v3 etc. po = kvy can arise if

a. no one took B (v; wins stage one with probability 1),

b. v1 took B (v wins stage one with probability 1),

c. v1 and v took B (v wins stage one with probability %), or

d. at least one more than v; and vs took B (v; wins stage one with probability i-|+2’ where ¢ =
1,2,...n—2).

a. None took B. In this case we have ¥ > v; > v9 > ... > v, and vo > kv; > v3. We get the contribution

B — W-Aﬁan%mn@wu—me»ﬂmmm

where P, o = n(n — 1) just captures the n ways that the highest-valuation bidder could be picked, and
the remaining n — 1 ways that the second-highest-valuation bidder could be picked.

b. Only v; took B. In this case we have v1 > U > vs > ... > v, and vy > kv; > vs. We get the
contribution

m(v)
Fup= Py - / kor F"=2 (ko ) (F(5) — Fkv1)) f(01)dvs

v
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c. v1 and vy took B. In this case we have vy > vs > U > v3... > v, and vy > kv > v3. We can, thus,
either have kv; > v or kv; < ¥. We get the contribution

1

m(?)
Fie = Pasg- / For F"2 (kv ) (F(v1) — F(8)) £ (v1)doy

P, L / " ko P 2@)(F(or) — F(kon))f(on)don
2 Jm@)

d. At least one more than vy and vy took B (this disappears when m = 2). In this case we have
V] > Vg > Ugaq > .. > Ugyy >0 > Ugyigl > ... > Uy and vy > kvy > v3. We get contributions of the type
(fori=1,2,...,n—2)

i . R vy P2 v ) (F(vq) — F(kv v1)dv
Blo = P Kuaio g [ b @ (o) — PO (Fe) — Flken) o)y

Collecting terms (for case d), we get the total contribution

B = E_:de :Pn,g-iKng,i-H%-/U kot F* =271 (0)(F (kvy) — F(0))"(F (v1) — F(kvy)) f (01)dos

m(?)

Hence, the contribution to expected revenue in stage two from all the cases where price is po = kv is
given by

By = Eiu+ Ewp+ Fie+ Eig

~ P, /0 o 2 oy ) (F(on) — F (ko)) f (v1)don

+Pn72 .

m(v)
Py / koL F™ 2 (ko) (F(8) — F(kvy)) f(or)dos
m()
% / ko FP=2(kor ) (F (1) — F(8)) f(01)dor
1
2

Py / oy F"2(5) (F(01) — F(kv1)) f(01)doy
m(D)

FPaz S Kni — /m O F @ F ) = @) (Pln) = Fleo) )

&
Il
—

We can easily rewrite this as stated in the proposition

B = Py /kavF(kv)"_Q(F(v)—F(kv))f(v)dv
m(v)
4Py [ ko P (ko)™ (F( 5) — F(kv) + ;(F(@F(ﬁ))) Fv)dv
n—2 T
. -.1-v v (D)2 v) — F(0))(F(v) — v v)dv
FPas S Bocaa g [ RORGY T ) — @) (F(0) ~ F) 0

2. The price in stage two is vo. This requires that v, is the runner-up in stage two after not winning
stage one. This is possible in one of two ways: A) Either v; won stage one and vs is the runner-up to kuvy

41



in stage two, or B) someone other that v; and v won stage one, and vy is the runner-up to v; in stage
two (note that B disappears when n = 2).

2A) v1 won stage one and vo is runner up to kvy in stage two, vy > kvy > vy > ... > v,. Second-stage
bids are kvi, va, vs3, etc. vy could win stage one in several ways

a. If no one took B (v; wins stage one with probability 1)

b. If v; took B (v wins stage one with probability 1)

c. If vy and v, took B (v; wins stage one with probability 1)

d. If at least one more than v; and ve took B (v; wins stage one with probability H%’ where
i=1,2,..,n—2).
Aa. None took B. In this case we have v > vy > vy > ... > v, and kv; > vo. We get the contribution

kv v
Bosa = Paa- [ 0P () (F(@) — FGD) o)y

Ab. Only v; took B. In this case we have v1 > 0 > vy > ... > v, and kv; > vs. Hence, we can either
have kvi > v or kv; > . We get the contributions

kv
Esay = Pas- / U F"2(05)(1 = F()) f(v2)dos

km(?)
P [ wmF R )1 = F(R) ()

D]
Ac. vy and vy took B. In this case we have v; > vo > 0 > vs3... > v, and kv; > vy. We get the
contribution

1 kv . U
Eone= Pog- 2 / 022 (0)(1 — F(“2)) f(v2)dvs
2 Jime) k

Ad. At least one more than v; and vy took B (this disappears when n = 2). In this case we have
V1 > Vg > VUgqq > ... > Ugyy >0 > Uoagirq > ... > U, and kvp > vy, We get contributions of the type (for
i=1,2,...,n—2)

. 1 kv N s v
Finy =P Ko —— - / 02 "2 D) (F(02) — F(9)) (1 — F(2)) f (v2)dos
1+ 2 km (D) k

Collecting terms for this case, we get the total contribution

n—2 n—2 kv
; 1 P i v
Esag =) Bypa=Poz- Y Kn-oi- T2 / . v P2 TN (0)(F(v2) = F(9))' (1~ F(f))f(w)dvz
i=1 i=1 kem(v

2B) Someone other that v; and vy won stage one, and v is the runner-up to vy in stage two (this
disappears when n = 2). This requires v; > vo > v3 > U, so that - at least - three bidders took B in stage
one. Second-stage bids are v1, v2, v3, etc., except for some j # 1,2 bidding kv;. Thus, we get terms of
the type (for i =1,2,...,n — 2)

Eig=Puo Ky o HLQ . /ﬁv Vo F" 27N @) (F(vg) — F(0))'(1 — F(v2)) f(v2)dvs

where ZJ%Q is the probability that someone other than v; and vs wins stage one when v1 > v > ... > v; >
v > v;11. Collecting terms from this case, we get the total contribution

n—2 . T

n—2 v
Bop =) Tip="Pu2- Y Kni-775- / v F" 2 @) (F(v2) = F(9)) (1 = F(02)) f(v3)dvs
i=1 i=1 v
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Hence, the contribution to expected revenue in stage two from the cases where price is po = w9 is given
by

Ey = FEopg+ Eoapy+ Eopc + Eong + Eap

kv Vg
= P [ wP o) (FE) - FGR)fo2)dve

kv
P / 02 "2 (02) (1 = F (7)) f (1) dus

km(v) -
P )1 - FER) ),
k

kv
P @0~ FER) e
k

m (D)

n—2 kv
+P,2- Z K2 HLQ . /km@) U2F"727i(17)(F(U2) — F(ﬁ))l(l - F(v_]:))f(W)dUz

Py z Kocais g [ P @) (F () = PO (1 = Fon)) (o)

which can be stated more succinctly as in the proposition

Br = Paa [ oF)(1- Fm(o)f()ds
HPae Y Kuss g [ 0RO EG) — F) (- Fon(o)f0)do

n—2

FPaae Y Kooni g [ R @ @) - @)Y - Fe) )

3. The price in stage two is kve. This requires that vg is the runner-up in stage two (to vy) after winning
stage one. This clearly requires (at least) that vq > vy > U, and that kvs > v3. In stage two, the bids are
thus vq, kvo, v3 etc. po = kvy can arise if

a. v1 and vy took B (ve wins stage one with probability %), or
b. at least one more than v; and vy took B (vy wins stage one with probability Z.J%Q, where ¢ =

1,2,...,n—2).

a. v; and vy took B. In this case we have vi > vy > ¥ > v3... > v, and kvs > v3. We can, thus, either
have kvs > v or kve < 0.We get the contribution

1

m(v)
By = Pro-s. l ks F" 2 (kva) (1 — F(v9)) f(vs)dos

)

2

Pyt / ks F"2(5)(1 — F(va)) f (v2)dva
2 @

b. At least one more than v; and vy took B (this disappears when n = 2). In this case we have
V1 > Vg > VUgqq > ... > Ugyy >0V > Uagirq > ... > U, and kvg > vs. We get contributions of the type (for
i=1,2,..,n—2)

. 1 v o S
By =P K, o, pnr / o kvg F"274@) (F(kve) — F(0)) (1 — F(v2)) f(va)dvy
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Collecting terms for this case, we get the total contribution

n—2 n—2 T
) 1 v i i
E3, = Z Bl =Pho- Z Ky o, T3 / o kva F™" 2@ (F(kvy) — F(0))(1 — F(v)) f(v2)duvy
i=1 i=1 miv

Hence, the contribution to expected revenue in stage two from the cases where price is ps = kv, is given
by

Es = E3,+ E3
)
= Py [ Pk - Pleo)f(en)de
1 7 .
FPoae s / ks F"2(5)(1 — F(v3)) f(va)duvs
m@)
n—-2 1 g , .
+P, - Z Ky o ——=- / kvo F™" 274 (D) (F (kva) — F(0))"(1 — F(v2)) f (v2)dvs
i=1 i+2 Jm@)
or
1
By = Puyege / EvF" 2 (kv)(1 — F(v))f(v)dv

Py ; Koz /m o E @ F ) = FE) (= F)f0)do

as stated in the proposition.

4. The price in stage two is vs. Hence, vz must be the runner-up in stage two after losing stage one.
(Note that this entire case disappears when n = 2) For vs to be the runner-up in stage two clearly requires
that either v; or vs won stage one. This can happen in several ways, and we split the contributions into
A) those following v; winning stage one and v3 being the runner up in stage two to vy (v3 > kvp) and
B) those following v winning stage one and v3 being the runner-up in stage two to vy (vs > kvy). In A)
stage-two bids are kvy, v, v3, etc., while in B) stage-two bids are vy, kv, vs, etc.

A) vy winning stage one and vs being the runner-up in stage two to ve (vg > vg > kvp). This can arise if

a. no one took B (v; wins stage one with probability 1),

b. v1 took B (v wins stage one with probability 1),

c. v1 and v took B (v; wins stage one with probability %), or

d. at least one more than v; and vs took B (v; wins stage one with probability i_|+3, where ¢ =
0,1,2,...,n —3).

Aa. None took B. In this case we have ¥ > v; > vy > v3 > ... > v, and vy > v3 > kv;. We get the
contribution

Fiaa = Pos- / / / vs " (vg) £ (u3) £ (v2) f (01 ) dvsduvady
0 kv, Jkvy

where P, 3 = n(n — 1)(n — 2) captures the way the highest, the second-highest and the third-highest
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bidder could be picked. We can write this as

Bua = Poaoge [ oS (Flming2,5)) = F(oa)?flua)i

= N

kv
[ P @) (PG - Plen))? )iy

4P % - /k A vs F"3(0g) (F(5) — F(v3))2f (v3)dvs

kv
= Paacge [ wPT ) (Flm(e) — Fe) ()
oz [ 0P ) (FE) - ()P ),

Ab. v took B. In this case we have v; > U > vy > vg > ... > v, and vy > vz > kv;. We get the
contribution

m(v) pv Vo
Esap =P 3- / / / v3F" 73 (vs) f(vs) f (v2) f (v1)dvzdvadoy
v kU1 kvl

which we can write as

Paas = Pos- [ " F () (F(5) = F(v)) (F(m(vs)) — F(®)) f(vs)dvs

Ac. vy and vy took B. In this case we have v1 > vy >0 > v3 > ... > v, and vy > vg > kv;. We get the
contribution

1 m(ﬁ) V1 ’1/7
Buc=Paa-g- [ [ [ wbm ) ) @ (o) dvaduadon
i)\ 5 k}’Ul

which we can write as

11 7 ~ .

Buse=Paa-g g+ [ vaF" Soa)(F(m(ua)) - F@)f(vs)dos
kv

Ad. At least one more than v; and vy took B - in particular vs must take B (this disappears when n = 2).

In this case we have vy > v9 > v3 > V311 > ... > V34 > U > VU311 > ... > Uy and ve > v3 > kvy. We

get contributions of the type (for i =0,1,2,...,n — 3)

m

. 1 v U1 v2 PR i
Biai=Poaomairig [ [ [ B S @)~ F(©) o) f(en)f(n)dvadvadoy
v+ v Jmax{kvi,0} ax{kv1,0}

capturing that 7 have valuations between ¥ and vs, while n — 3 — i have valuations below 7. After some
manipulation, we can write this as

1

i 1
Biaa=Poy - Kosi g5

3 "0 PP @) (F(ug) — F(0)) (F(m(vs)) — F(us))? f(vs)dvs

Collecting terms (for case Ad) we get
n—3

Eipg =P 3 Z K,_3;- T3 2 ﬁv v3F" 374 (D) (F(vs) — F(0))"(F(m(vs)) — F(vs))* f(vs)dus
i=0 v



B) vy winning stage one and v3 being the runner-up in stage two to v1 (v2 > v3 > kvg). This can arise if

a. v1 and vy took B (v2 wins stage one with probability %), or
b. at least one more than v; and vs took B (ve wins stage one with probability i_|+3, where ¢ =
0,1,2,....,n—3).

Ba. v and vy took B. In this case we have v; > vy >0 > v3 > ... > v, and vy > v3 > kvs. We get the
contribution

1 T pmin{2,01} 0
Buo=Puaz | [ | wF @) f(en)fwn)dvadvadon
v Jo kvg

which can be written as

Bina = Paage [ b S()(Flm(e) = FO) - Fn(wa))(en)dva

+Py3 - l . l . /” U3F"_3(1)3)(F(m<v3)) — F(@))2f(’l)3)d7)3
k

v

Bb. At least one more than v; and ve took B (this disappears when n = 2). In this case we have
V1 > Vg > U3 > U341 S ... > Usg >0 > Usqit1 > ... > Uy and vg > vy > kvg. We get contributions of the
type (for i =0,1,2,...,n — 3)

) 1 T UL v2 e i
Eipy = Pns-Knsi == ﬁ [ / - }U3Fn ST O)(E (vs) — F(0))' f(v3) f (v2) f (01)dvsduvaduy
v Jo max{v,va

capturing that ¢ have valuations between v and vs, while n — 3 — i have valuations below v. After tedious
manipulation, this can be written as

Eigy = Pus-K L[ E i @) (F(u) — F@) (1 - FC2)(F(E) - F
P N O il 0P @) (F(e) = @) (1= FE)(F(SE) = F(wa)) f (va)dvs
P Kocsis gy | F () — PO (Flm) — Ploa)?f (o)

Bl = Pas Koas g [ el 7@ (Fles) ~ FE) (1= Fn(vs)(Flon(os) — Flog))f )iy

Collecting terms (for case Bb) we get

n—3 T

Espp = Pugs Z K3, - ; _11_3 : [ v F" 271 (@0)(F(v3) — F(0))'(1 = F(m(v3)))(F(m(vs)) — F(v3)) f (v3)dvs
i=0 g

= 1 1 v n—3—i (- ~\\i 2
TP S K / v "5 D) (F (vs) — F(D)) (F(m(va)) — F(v3))2f (v3)dvs

Hence, the contribution to expected revenue in stage two from the cases where price is po = w3 is given
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by

Ey = FEipg+ Easp+ Faac+ Esaq+ Fapa + Esp
= Puage [ wF" ) (F (o) - Fe) foa)dog
0

o g [ S0 (FE) - Floa)? )i

WPz [ 0P ) (F () - F@)P S (e)dus
PnigK 1 FF”3’ F F@)(F F d
FPas 3 Kocsar g g [ vaF " O e) — FE) (Fmoa)) — Flos))* o)
g [ 0B ) (Flm(e) - F@) - Fom(en)f ()
gy [ ) (Flm(e) - FO)P ()
n—3 T
FPaa 3 Komase g+ [ P @) (Fe) = F©) (1 - Flm(e))(F(mes)) ~ F(e)f(oa)dos
=0 v
Pn_sK 11 UF"_?” F F@))Y(F F(v3))? d
+Paad Koo oy g [ e @ () - F@)Y(Flm(o) — Floa)f(v)dos
which can be rewritten as stated in the proposition
B, = P -3/a Fr=3(u)(F(m(v) — F(0))*f(v)d
4 = n,3 5 o v v miv v v)av
n—3 T
FPaa 3 Kosi g [ 0F T @FR) - FO) (Fm) = FE) )
oz [ oFTSEGm() - FO)L - Fom(e)f(0)do
n—3 T
HPaad Ko g [ 0P @) < F@) (1 - Fn()(Fim(e) - FO)f(w)do
=0

This ends the proof of Proposition 3. m

Proof of Proposition 4. To show this result, we focus on high values of ¥, by assuming that
v > kv, or m(v) =T. First, for given ¥ > kT we can then write the first-round revenue as

ER(0) = O[1—F"(0) —nF"" (@)1 - F(0)) - %n(n —1)(1 = F(0))*F"*(v)]

#nln=1) [ (kb 2(k)+ [ n =20 )y ) (1= @) @)

—&-%n(n . F(ﬁ))/ﬂv (k:mF"‘Q(kx) +/k

v

y(n— 2)F"_3(y)f(y)dy> fz)de

€T
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After some manipulation, the derivative with respect to v reduces to

ER,®) = 1-F"@®)—nF"'®)(1 - F®)) - %n(n —1)(1 - F@))*F" %)

v

—gutn— 5@ [ (k:cF“<kz> + [ vtn- 2)F”3(y)f(y)dy> f(e)ds

v

v

+%n(n - D1 = F())f(v) (kT)F"Q(W) + / y(n — 2)F"3(y)f(y)dy>
k

v

In the special case where n = 2, the first line in equal to zero, and the rest is strictly negative when
U € [kT,7), implying that v = kT is better than any higher ¥. When n > 3, the first line is non-negative,
since it equals

- Z (7)a-reyre)

while the rest is non-positive. Hence, it is difficult to generally determine the sign of ER/(v). However,
it is easily seen that FR;(7) = 0.
The second derivative with respect to v equals

ER{@) = —gn(n—1)n—2)(1 ~ F@)PF"@)[@) + gnin — 1)(1 ~ F@)fGRE" (k)

v

gl 07@ [ (kmFH(kw) + [ utn- 2)F"‘3(y)f(y)dy> f(@)da

v

v

gl = D1~ F@)'() (kaF"-%k@) + [ vt 2)F”‘3(y)f(y)dy>
k

Again, ERY(v) = 0. However, it is easy to evaluate the third derivative at T,
1
ER/'(v) = —En(n — D(f(@)*kF" 2 (kv) < 0.

This implies that immediately to the left of T, ER/(-) is positive, which, in turn, means that FR](-) is
negative just to the left of 7. It follows that the first seller is better off with some cut-off strictly less
than ¥ than without a cut-off. This completes the proof of Proposition 4. m
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